Projective Splitting as a Warped Proximal Algorithm
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Abstract. We show that the asynchronous block-iterative primal-dual projective splitting framework
introduced by P. L. Combettes and J. Eckstein in their 2018 Math. Program. paper can be viewed as
an instantiation of the recently proposed warped proximal algorithm.
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In [4], the warped proximal algorithm was proposed and its pertinence was illustrated through the
ability to unify existing methods such as those of [1, 6, 10, 11], and to design novel flexible algorithms
for solving challenging monotone inclusions. Let us state a version of [4, Theorem 4.2].

Proposition 1 Let H be a real Hilbert space, let M: H — 2H be a maximally monotone operator such
that zerM # @, let xg € H, let € € ]0,1[, let o € |0,400], and let § € [o, +00]. For every n € N, let
K,.: H — H be a-strongly monotone and (-Lipschitzian, and let \,, € [e,2 — ¢|. Iterate

forn=0,1,...

take x,, € H

Yo = (Kn + M)_I(Knin)
Y = Knxn — Kpy,

)‘TL Xn —Yn y;kz *
Xn+1 = Xp — . y
i [y 2 "
else

L Xn4+1 = Xp-

Then the following hold:

(1) (xn)nen is bounded.
(D) > pen Xnt1 = Xnl|* < +o0.
(i) (v € N) (% =y, | v5) < e Lyl %ot — all
(iv) Suppose that x,, — x,, — 0. Then (x,)ncn converges weakly to a point in zer M.

Proof. We deduce from [4, Proposition 3.9(i) [d]&(ii) [b]] that (1) is a special case of [4, Eq. (4.5)].

(1): An inspection of the proof of [4, Theorem 4.2] reveals that (x,),cn is Fejér monotone with
respect to zer M, that is, (Vz € zer M)(Vn € N) |41 — 2|| < ||x,, — 2||. Therefore, the boundedness of
(xn)nen follows from [3, Proposition 5.4(i)].

(ii): [4, Theorem 4.2(i)].
(iii): [4, Egs. (4.8), (4.9), and (4.4)].
(iv): Combine [4, Theorem 4.2(ii)] and [4, Remark 4.3]. O
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A problem of interest in modern nonlinear analysis is the following (see, e.g., [1, 5, 6, 7] and the
references therein for discussions on this problem).

Problem 2 Let (H;);c;r and (Gx)rex be finite families of real Hilbert spaces. For every i € I and every
ke K,let A;: H; — 27 and By: G, — 29 be maximally monotone, let 2 € H;, let r, € Gy, and let
Ly ;: Hi — G be linear and bounded. The problem is to

(Viel) 5= > L7 € AZi
find (7;)ier € X H; and (T})rex € X Gi such that ek L. @
€ icl RIRE kK (Vk € K) ZLhm—rkeBkl@k.
i€l

The set of solutions to (2) is denoted by Z.

The first asynchronous block-iterative algorithm to solve Problem 2 was proposed in [7, Algo-
rithm 12] as an extension of the projective splitting techniques found in [1, 8]. The goal of this
short note is to interpret these projective splitting frameworks in simple terms as warped proximal
iterations. More precisely, we show that [7, Algorithm 12] can be viewed as an instantiation of (1).
To this end, we first derive an abstract weak convergence principle from Proposition 1. (We refer the
reader to [3] for background on monotone operator theory and nonlinear analysis.)

Theorem 3 Let H be a real Hilbert space, let A: H — 21 be a maximally monotone operator, and let
S: H — H be a bounded linear operator such that S* = —S. In addition, let xo € H, let ¢ € ]0,1],
let a € |0,+0o0], let p € [, 00|, and for every n € N, let F,,: H — H be a-strongly monotone and
p-Lipschitzian, and let \,, € [e,2 — ¢|. Iterate

forn=0,1,...
take u, € H, e ¢ H, and f;, ¢ H
u’ =F,u, —Su, +e; +f
Yo = (Fu +A)"luy,
a; =u;, —Fp,y,
Yn = a, + Sy,
Tn = (Xn [ Y5) = (¥ [ @7) (3)
if mp, >0
7o = [ly5 [
Hn = )\n'frn/Tn
Xn+1 = Xp — 9ny7;
else
L L Xn+1 = Xp-

Suppose that zer(A + S) # @. Then the following hold:

@) ZnEN 1Xn41 — Xn”2 < +-00.

(ii) Suppose that u,, — x,, — 0, that e — 0, that (f}),cn is bounded, and that there exists § € |0, 1]
such that

n f 2_5 n~— Yn Fn n_an
(Y €N {<u Yo | £2) > ~3(un =y, | Fuun = Fuy,) @

(a;, + Su, — e}, | f) < d[a, + Su, — e %,

Then (x,,)nen converges weakly to a point in zer(A + S).



Proof. Set M = A+ S and (Vn € N) K,, = F,, —S. Then, it follows from [3, Example 20.35 and
Corollary 25.5(i)] that M is maximally monotone with zer M # &. Now take n € N. We have

K,+M=F, +A. (5)
Since S* = —S, we deduce that
K, is a-strongly monotone and [-Lipschitzian, (6)

where 5 = p + ||S||. Thus, [3, Corollary 20.28 and Proposition 22.11(ii)] guarantee that there exists
X, € H such that

u, = K, x,. (7)
Hence, by (3) and (5),

y, = (K, +M)Y(K,X,) and y!=u’—F,y, + Sy, = K.x, — Ky, (8)

At the same time, we have (y,, | Sy,,) = 0 and it thus results from (3) that

Tn = (Xn | Yn) = (Yn [ @5 + Syn) = (%0 = ¥5 | ¥0)- 9)
Altogether, (3) is a special case of (1).

(i): Proposition 1(ii).

(ii): In the light of Proposition 1(iv), it suffices to verify that x,, — x,, — 0. For every n € N, since
K, + M is maximally monotone [3, Corollary 25.5(i)] and a-strongly monotone, [3, Example 22.7
and Proposition 22.11(ii)] implies that (K,, + M)~': H — H is (1/a)-Lipschitzian. Therefore, we
derive from (3), (5), [4, Proposition 3.10(i)], and (6) that (Vz € zerM)(Vn € N) ally,, — z|| =
al|(Kn + M)~ tuy = (K + M) H(Kp2) || < [luy — Kzl = [Kpu, — Koz + e + £ || < [[Kpu, — Kiz|| +
ller || + If|| < Bllu, —z|| + ||e}|| + ||f;,]|. Thus, since Proposition 1(i) and our assumption imply that
(un)nen is bounded, it follows that (y,, ),cn is bounded. At the same time, for every n € N, we get
from (3) that

and, thus, from (6) that [ly; || < [[Knun — Ky, [l 4 [leg ]| + 111 < Bllun =y, || + l[e}]] + [If5 . Thus,
(¥ )nen is bounded, from which, (i), and Proposition 1(iii) we obtain lim(x,, —y,, | y;) < 0. In turn,
since x,, — u,, — 0 and e, — 0, it results from (10) and (4) that
0> lim(x, —y, | y;)

= lm ((up =y, | ¥5) + (%0 — un [ y7))

= lim(u, — y,, | y5)

=lim ((u, —y,, | Fou, — Foy, + € + f5) — (u, —y, | Su, — Sy,.))

= lim (<un =Y | Faun = Fry, + ) + (un —y,, | e;kz>)

> Tim (1= 6)(un — ¥, | Fatty = Fry,) + (un =y, | €7))

> lima(1 - 0)||lu, — y, |2

> lima(1 — 8§)p ?||Fpun — Foy, | (11

Hence, F,u, — F,y, — 0. On the other hand, since (f),cn is bounded and since (3) yields (a} +
Su,, — €} )nen = (Fpu, — Foy,, + £ )nen, we derive from (4) that

Hm(1 - 8)[If;[* = lim ((Faun — Fay,, | ) + (1= 8)[IF5[)
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lim ((Faup — Fry, + 5, | £) = 8[F,1)

< Tim (8||Fpu, — Fry,, + F3)|> — 6]IF5)1%)
— 0. (12)
Therefore, f; — 0. Consequently, by (6), (7), and (3), «|[x, — x,|| < [|[KpnXn — Kpxp|| = [|Kpuy, —

Knxn + €5 + £ || < Bllun — xu[| + [leg[| + [[F5][ — 0. O

We are now ready to recover [7, Theorem 13]; see also [7, Remark 4] for comments on the error
sequences (€;)neN,icr, and (fin)nenkek, in (15). The reader is referred to [7] for discussions on
the features of the algorithm (15). Recall that, given a real Hilbert space H with identity operator Id,
the resolvent of an operator A: H — 2% is J4 = (Id + A)~1.

Corollary 4 ([7]) Consider the setting of Problem 2 and suppose that Z # &. Let (I,,),en be nonempty
subsets of I and (K, )nen be nonempty subsets of K such that

n+T n+T
Iy=1I, Ko=K, and 3TeN)vneN) |JI=Tand |JK;=K. (13)
j=n j=n

In addition, let D € N, let € € |0, 1], let (\,)nen be in [e,2 — €], and for every i € I and every k € K, let
(¢i(n))nen and (dg(n))nen be in N such that

(VneN) n—D<c¢(n)<n and n— D <di(n) <n, 14)



let (Vi.n)nen and (g n)nen be in [e,1/¢], let ;9 € H;, and let Vi o € G- Iterate

forn=0,1,...

foreveryie€ I,

take e;,, € H;

lin = 2oker Lhi%% ci(n)

QAin = J’Yz‘,ci(n)Ai (xi,ci(n) + Yi,ci(n) (Zz* - l:n) + ei,n)
| a;‘k,n = 72702.(”) (wi,ci(n) — Qjn + €i,n) - l:,n
foreveryie I\ I,

Qin = Gin—1

L a;n - a;n—l

forevery k € K,

take fk:,n € G

e = 2 ier Lii%idy (n)

bk = Tk + Jup 4, () Br (L + W dy,(n) Uk dyo(n) T Tl — T))

bz,n = Ult,dk(n) + 'ul:,ilk(n) (lk,n - bk,n + fk,n)

|tk = Ok — D ier Liitin

forevery k € K \ K, (15)
bk,n = bk,n—l

bz,n = bz,n—l

|tk = bkn — D ier LkiGin

foreveryi eI

| tin = @ + Xer Liibin

T = Zz’el (<xl,n | t;‘k,n> —(ain | a;n>) + ZkeK (<tk,n | Ult,n) — bk | blt,n>)

if mp, >0

{ Tn = ier Iinll® + Xrex Ntenl?
Hn = )\nT"n/Tn

else

| 6, =0

foreveryiel

L LTin+1l = Tin — ent;n
forevery k € K

L UZ,nJrl = ,U;;,n - Q”tkvn'

In addition, suppose that there exist n) € |0, +o0|, x € ]0,4o00[, o € ]0,1], and ¢ € ]0, 1] such that

leinll <
(Vn S N)(VZ S In) <xi,ci(n) — Qin ‘ ei,n) = _O-Hxi,ci(n) - ai,nH2 (16)
<€i,n | aj;,n + l;,k,n> < %Yi,ci(n) ||a;<,n + l;k,nHZ
and that
ka,n” < X
(Vn € N)(Vk € Kn) <lk,n - bk,n | fk:,n) = _CHlk,n - bk,n||2 (17)

e | B = V) < Sttt 185 = Vo2

Then ((zin)ier, (v} ,,)kek )nen converges weakly to a point in Z.



Proof. Denote by ‘H and G the Hilbert direct sums of (#;);c; and (G )rek, set H = H & G, and define
the operators

A:H— 2" ((fﬂi)iel,(UZ)keK) — (X (—zf —l—Aimi)) X < X (rk —1—Bk—11;]:)> (18)
iel keK
and
S:H — H: (()ier, (V)ker) — ( ( > L,’;,.v;;> : (- > ka> ) (19)
keK el el keK

Using the maximal monotonicity of the operators (A;);c;r and (By)kex, we deduce from [3, Proposi-
tions 20.22 and 20.23] that A is maximally monotone. In addition, we observe that S is a bounded
linear operator with S* = —S. At the same time, it results from (18), (19), and (2) that

zer(A+S) =Z + @. (20)
Furthermore, (15) yields

[(VieI)(VneN) af, € =z + Ajain | and [ (Vk € K)(Vn €N) by, € o + By b5, |- (21)
Next, define

(Vk € K)(VneN) Jy(n)=max{j e N|j<n and k€ K;} and 9dx(n)=dp(d(n)), (22)
and

ZZ(TL) = max {j eN | .7 <n and 7 € Ij}, fl(n) = CZ(ZZ(TL))
u

(Vi€ )(In€N)  § Un = YinmTititn) = Lz T VitmCitin) (23)

S

;:n = ZkeK L;i”l:,ﬁk(n) - l;‘L(n).
Then, for every i € I and every n € N, it follows from (15) and [3, Proposition 23.17(ii)] that

*

* * — * -1
ai7n = ai,zz'(n) = J’Yi,li(n)Ai (’}/747[2(70 (ui,n + Z; )) = (’Yz’é(n)]:d —Z; + Az) U,L'm‘ (24)

and, therefore, that

* sk o x A1 _ — % _ A1 .
Ui = 07,y = i = Voty(m) %i(n) = Yin ~ Vingy(m) Fiom: (25)

Likewise, for every k € K and every n € N, upon setting
{Uk,n = 'u’kvﬁk(n)v;;,ﬁk(n) + lk,gk(n) + fk,gk(n) (26)
Whin = by 3, ) — 2oier Lkiigi(n)
as well as invoking (22), we get from (15) and [3, Proposition 23.17(iii)] that
bk’n = bk,Ek(’n) = Jﬂk,ﬂk(n)Bk('ka)vkm‘ (27)
and, in turn, from (15) and [3, Proposition 23.20] that

b = b

k9 (n) (28)

- “l;}%c(n) (vkn = bkﬁk(n))



= Ml;}%g(n) (Uk:,n - bk,n) (29)

-1
it B (01 Viin)

= (Mk,t?k(n)ld + Tk + Bk_l)_lvk’n. (30)
Let us set
(
Xn = ((xi,n)iEIa (,U;:,n)k’EK)a up, = ((mi,éi(n))iela (UZ,ﬂk(n))kEK)

e, = ((w;n)ieb (wk,n)keK) f, = (( le(n) i0i(n ))1‘6[7 (fk,ﬁk(n))kex>

(Vn € N) u, = ((u] ,)ier, (Vkn)ker ), Yo = ((@in)ier, (b5 ) kek) (€2D)
a, = ((a%k,n)zel (b n)keK) = (( )1617 (tk, n)keK)
Fo: H— H: ((@i)ier, (v)) kGK) = (v zZ (n) i) e (b1 () V%) i)

Then, the operators (F,),cn are e-strongly monotone and (1/¢)-Lipschitzian. For every n € N, by
virtue of (23) and (26), we deduce from (19) that

Sup —e;, = ((l:,zi(n))iel’ (=l m) ke ) 2
which yields
u;’; = Fnun — Sun + e;kl + f:’;, (33)

Furthermore, we infer from (24), (30), and (18) that

(VneN) vy, =(F,+A) " 'u. (34)
At the same time, (25) and (29) imply that

(VneN) ay =u, —F,y,, (35)
while (31), (15), and (19) guarantee that

(vn €N) 'y, =a,+Sy, and 7= (xn|y,) = (y,|ap) (36)

Altogether, it follows from (33)-(36) that (15) is an instantiation of (3). Hence, Theorem 3(i) yields
Y onen IXng1 — xn||? < +oo. In turn, using (13), (14), (22), and (23), we deduce from [5, Lemma A.3]
that, for every i € I and every k € K, we have x,(,) — x, — 0 and xy, (,y — x, — 0. This and (31)
imply that

u, — x, — 0. 37)

Moreover, in view of (15), we deduce from (23) that

Viel) [wi,ll <Y ILEl vk oem = Yemll < D0 ILR %oy — Xesyll = 0 (38)
keK keK

and from (26) that

(Vk € ) lwinll <Y kil 250, m) — Ziesomy | < D I kill %0,y = Xes (| = 0. (39)
el el



Therefore, e, — 0. By (16) and (17), (f},)nen is bounded. In view of (31), (16), (17), and (32), we
deduce that

(VneN) (un =y, [F3) =D (Tinm) = G | Vg o€ + D (Vhontm) = o | Frdoomy)

iel keK
~a Y i mliem = ainl? = €D om0k ) — bl
el keK
2 - max{a, C}<Un —Yn | Fnun - Fnyn> (40)
and that
<a;+s””_e2|f;>zz<a;&( + L gm) |%e(n AT +Z<bk19k(n bz | fegom)
iel keK
* * 2
<o a5+ Lzl + €D g0 = bl
icl keK
< max{o, (}|a;, + Su, —e;||%. (41)

Altogether, the conclusion follows from Theorem 3(ii). O
Remark 5 Here are a few comments on Corollary 4.

(i) Using similar arguments, one can show that the asynchronous strongly convergent block-
iterative method [7, Algorithm 14] and its special case [2, Eq. (3.10)] can be viewed as instances
of [4, Theorem 4.8].

(i) In the special case of (15) where [ = {1} and

ein=0, c1(n) =n

(42)
(Vk‘ S K) fk,n =0, dk(n) =

(VneN) K,=K and {

the connection between [7, Theorem 13] and an instance of the warped proximal algorithm
was established in [9, Proposition 19]. Nevertheless, it does not seem possible to prove [7,
Theorem 13] in its full generality by using the techniques of [9].

Remark 6 Take n € N. Then, upon setting
H, = {x e H| (x—y, |y) <0} (43)

as well as invoking (9) and (31), we deduce that the update step

o = Lier ((@in | 50) = {ain | 675)) + Zpere (o | 05 0) = o | B70))

if m, >0
Tn =D t;k,nH2 + ZkeK HtanZ
On, = AnTn/Tn
else
L 6, — 0 (44)

foreveryi e I

L Tint+l = Tin — Hnt;n
forevery k € K

L Uz,n—l—l = Uz,n - entk,”



of (15) can be rewritten as

Xnt1 = Xn + An(PTOjy. Xn — Xn), (45)

which is the same as that of [7, Algorithm 12]; see [7, Eq. (22)]. Since S* = —S, we derive from (36)
and (31) that

T = (o —yn |y5) and [ynl® =D 1A+ D llteal®, (46)

i€l keK

from which we obtain the implication 7, > 0 = 7, = ||y} |> > 0.
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