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Abstract

The projector onto the Minkowski sum of closed convex sets is generally not equal to the sum of
individual projectors. In this work, we provide a complete answer to the question of characterizing the
instances where such an equality holds. Our results unify and extend the case of linear subspaces and
Zarantonello’s results for projectors onto cones. A detailed analysis in the case of convex combinations
is carried out, and we also establish the partial sum property for projectors onto convex cones.

2010 Mathematics Subject Classification: Primary 47H05, 47H09, 47L07; Secondary 46A32, 52A05, 52A41, 90C25.

Keywords: convex set, convex cone, convex combination, projection operator, projector, sum of projectors, partial
sum property, monotone operator, proximity operator.

1 Introduction

Throughout this paper, we assume that

H is a real Hilbert space 1
with inner product (- | - ) and induced norm || - ||. Now assume that!
(Ci)ier is a finite family of nonempty closed convex subsets of (2)
with corresponding projectors
(Pc,)ier (©)
and that
(«;)ies are real numbers. 4)

In this paper, we analyze carefully the question: When is } ;| a; P, a projector? This allows us to provide
a complete answer to the question “When is the sum of projectors also a projector?” (In view of Proposi-
tion 2.4(iii), an affirmative answer to this question requires the sum ) ;c; C; to be closed. This happens,
for instance, when each set is bounded.) It is known that, in the case of linear subspaces, } ;c; Pc, is a
projector onto a closed linear subspace if and only if (C;);c; is pairwise orthogonal; see [15, Theorem 2,
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p.- 46]. This question is also of interest in Quantum Mechanics [18, p. 50]. In 1971, Zarantonello [27]
answered this question in the case of convex cones, i.e., if (C;);c are cones, then } ;| Pc, is a projector if
and only if (Pc,)ies is pairwise orthogonal in the sense that, for every (i,j) € I x I withi # j, we have
(Vx € H) (Pc,x | Pc,x) = 0. However, the question remains open in the general convex case. Therefore,
one goal of this paper is to provide necessary and sufficient conditions for ) ;c; «;Pc, to be a projector
without any further assumption on the sets (C;);c;. As a consequence, we answer entirely the question
“When is the sum of projectors also a projector?” Our results unify the two aforementioned results and
make a connection with the recent work [2] where it was proven that, if the sum of a family of proximity
operators is a proximity operator, then every partial sum remains a proximity operator. Interestingly,
we shall see that this property is still valid in the class of projectors onto convex cones; in other words,
if a finite sum of projectors onto convex cones is a projector, then so are its partial sums. Nevertheless,
this result fails outside the world of convex cones. Another goal is to characterize the instances where
a convex average of (Pc,)ics is again a projector. Complementary to a result in 1963 by Moreau [21],
which states that a convex average of proximity operators is always a proximity operator, we shall see in
Theorem 4.3 that taking convex combinations does not preserve the class of projectors onto convex sets
(see Theorem 4.3 for the rigorous statement). Our main results are summarized as follows:

e We provide a new characterization of proximity operators in Theorem 3.1 (for a list of other charac-
terizations, see [12]). In turn, we derive a new characterization of projectors (Theorem 3.2), which
is a pillar of this paper and a variant of [27, Theorem 4.1]. Furthermore, we also partially answer
an open question by Zarantonello regarding [27, Theorem 4.1].

e Theorem 3.10 characterizes (without any additional assumptions on the underlying sets) when
Y ic1 @i Pc, is a projector; Theorem 3.12 concerns the sum } ;- Pc,.

e By specifying our analysis to the case of convex average in Theorem 4.3, we explicitly determine
families of closed convex sets that are preserved under taking convex combinations.

e We present the partial sum property (see [2, Theorem 4.2]) for projectors onto convex cones in The-
orem 5.7, whose proof is based on Theorem 5.3 and [2, Theorem 4.2]. We also recover [27, Theo-
rems 5.3 and 5.5].

The paper is organized as follows. In Section 2, we collect miscellaneous results that will be used in the
sequel. Our main results are presented in Section 3: Theorem 3.1 provides a characterization of proximity
operators, while projectors are dealt with in Theorem 3.2, which is a variant of [27, Theorem 4.1]. This
allows us to recover the classical characterization of orthogonal projectors; see, e.g., [25, Theorem 4.29].
In turn, we establish a necessary and sufficient condition for a linear combination of projectors to be
a projector in Theorem 3.10 and then particularize to sums of projectors in Theorem 3.12. We then
specialize the analysis of Section 3 to convex combinations of projectors in Section 4. In Section 5, we
show that, in the case of sums of projectors, Theorem 3.12 covers the result obtained by Zarantonello ([27,
Theorem 5.5]) and the case of linear subspaces. Furthermore, we provide Theorem 5.3 and Theorem 5.7
to illustrate the connection between our work and [2, 27]. Finally, we turn to a generalization of the
classical result [15, Theorem 2, p. 46] in Section 6. Various examples are given to illustrate the necessity
of our assumptions.

The notation used in this paper is standard and mainly follows [5]. We write A := B to indicate that A
is defined tobe B. We set N := {0,1,2,...}, R} := [0, +oo[, Ry := ]0, 400, R_ :=]—00,0],and R__ =
]—c0,0[. The closed ball in  with center x € H and radius p € R4 isB(x;p) :={y € H | |ly — x|| < p}.
It is convenient to set

q:= 1% ()



where Vq = 1d is the identity operator on H. Let C be a subset of . Then we denote by C the closure
of C (with respect to the norm topology on ), by dc its distance function, by C® its polar cone, i.e.,
C® := {u € H | sup(C|u) <0}, and by C* its orthogonal complement. Next, the indicator and support
functions of C are

0, ifx € C;
ic: H — [—o0, 400 : x — 6
¢ [ ] {+oo, otherwise ©)
and

oc: H — [—oo,+00] : u — sup(C | u), (7)

respectively. Moreover, if C is convex, closed, and nonempty, then the projector associated with C is
denoted by Pc. In turn, we set

Proj(H) == {PC ’ H D C is convex, closed, and nonempty}. 8)

Next, the set of convex, lower semicontinuous, and proper functions from # to | —oo, +oc0] is Iy (# ). The
domain of a function f: H — [—oo, +oo] isdom f := {x € H | f(x) < +oo} with closure dom f, its graph
is denoted by gra f, its conjugate is denoted by f*, and, when f is proper, its subdifferential is denoted by
dof . Furthermore, if f € In(#), then we denote its proximity operator by Proxs and its Moreau envelope by
env f,ie., env f := fOOq = fIq, where O and O denote the infimal convolution and the exact infimal
convolution, respectively. Next, let T: H — H. The range of T is ran T with closureran T. If T € B(H),
the space of bounded linear operators on #, then its adjoint is denoted by T*. Finally, we adopt the
convention that empty sums are zero.

2 Auxiliary results

In this section, we provide various results that will be useful in the sequel. Let us start with a simple
identity in H.

Lemma 2.1 Let x € H, let (x;)c; be a finite family in H, let («;);c; be a family in R, and set « := Y ;c; a;. Then
the following hold:
@) f|x — Tieraixi]|* = (1 — ) ||x]2 + L aillx — x| + (0 — 1) Tiey ail|il|? — £ Tier Tjer il — x;1 %

(ii) Suppose that (Vi € I)a; = 1. Then « = card I and
(=Y |l =3 Yl —xlP = 3 (xilx) ©)

iel iel jel (i,j)eIxI
i#]
and
x_le (1—a) HXHZ"_ZHX_X1||2+ Z xl’x] (10)
iel iel (i,j)eIxI
i#j

Proof. (i): Without loss of generality, assume that I = {1,...,m}, where m € IN \ {0}. Let us proceed by
induction on m.

Base case: When m = 1, by applying [5, Corollary 2.15] to (x — x1, x1) and noticing that &« = a1, we
obtain

lr = are |2 = (11 — a)x + a(x — x) 2 (11a)
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= (1= a) [l + alfx — 2 |* = (1 — a)ae]| 1 |2

= (1= a)[lx[|* + | — 20| + (a = Daea |21 |12 = Fazen|x1 — 21|

(11b)
(11¢)

Inductive step: Assume that m > 2 and that the result holds for families containing m — 1 or fewer

elements. Moreover, set ] := {1,...,m —1} and B := Zje j&;. Then, by the base case, we have

ot 26m 1% = 20 (x| x) = |26 — | = [|2[|* = =t |x[1 + 26 — 2|12 + (tm — 1)t ||

Hence, since B + «;;, = «, we infer from the induction hypothesis that

2 2
X—Zl)éixi = (x—Zocjxj>—ocmxm
iel i€l
2
= |x =) ajx; +uc%1\]xm\]2—2am<xm x—Zajxj>
jel j€l
2
= |l = L]+ (olonl = 2l [ %)) + 20 Y | )
IS j€]
2
= |lx = Y ax|| — anllxl? + amllx — xul® + (am — 1) |2l
i€l
+am2a]-(r|xm||2+||xj||2—||xm—x]-r|2)
jel
= (1= B>+ Y ajllx = %[+ (B=1) Y ajllxjl> = 53 ) wjeallx; — x|
IS j€J j€Jke]
—ocm||x]|2+ocm]|x—xm||2+ucm(—1+(xm+er]-)||xm|\2
i€l
o Yo xi]* = Y ame]xm — x|
i€l i€l
= (1= B —am) %[+ Y aillx = il + (B+am — 1) ) a2
iel ]E]
=3 2 2wl — Xl o+ (@ — 1) o1
iel jel

= (1= a)llxl? + Y aillx = xil* + (e = 1) Y willill® — 3 )0 ) aiagllxi — ;1%

icl icl icl jel
which completes the induction argument.

(ii): Since (Vi € I) a; = 1, we have & = card I, and thus

(e =1) Y llxill> = 3 o )l — 12

i€l iel jel
=Y (@-DIxP-3 ¥ lx—x?)
icl jeI~{i}
=Y (@=DlxlP =3 X (lal?+ g2 = 2(x 1 x))) )
icl jelN{i}
=Y (@-DlxlP-Ha-DlxlP -1 ¥ 5P+ ¥ (xlx))
iel jelN{i} jel~{i}

(12)

(13a)

(13b)

(13¢c)

(13d)

(13e)

(13f)

(13g)

(14a)
(14b)

(14¢)



o) PP =3 (-l + D)+ T (uls) (14d)

i€l i€l jel (ij)eIxI

i#]
=5 =) Y llxlPP+ 3 llxl? =5 Y llxll*+ Y {xilxg) (14e)

icl icl icl (i,j)eIxI

i#]
- T lx), (149
(i,j)elxI
i#]

and hence (9) holds. Consequently, (10) follows from (i) and (9). [ ]

We shall need the following identities involving convex cones.

Lemma 2.2 Let K and S be nonempty closed convex cones in ‘H. Then the following hold:

(i) (Vx € H) || Pxx||* = (x| Pxx).
(i) (Vx € H) (Pxex| Psex) + || Pix||* + [|Psx||? = [[x|[* + (Pkx | Psx).

Proof. Take x € H. (i): We derive from [5, Theorem 6.30(i)&(ii)] that ||Pxx||*> = (Pxx|Pxx) =

(x — Pxex | Pgx) = (x|Pgx), as claimed. (ii): The Moreau conical decomposition ([20]) and (i) give
(Pgox | Psox) = (x — Pgx | x — Psx) (15a)

= [|x[|* = (x| Psx) — (x| Pxx) + (Pxx | Psx) (15b)

= [|x]1* = [| Psx|[|* — || Pxx||* + (Pxx | Psx), (15¢)

and the assertion follows. |

Fact 2.3 Let C be a nonempty closed convex subset of H. Then the following hold:

(i) Pc is maximally monotone.
(ii) Pc is 3* monotone?.

Proof. (i): See [5, Example 20.32]. (ii): Because Pc is firmly nonexpansive by [5, Proposition 4.16], the
conclusion follows from [5, Example 25.20(ii)]. ]

In the finite-dimensional case, Proposition 2.4(ii) can also be deduced from [8, Theorem 3.15]. Fur-
thermore, let us point out that Proposition 2.4(iii) generalizes Zarantonello’s [27, Theorem 5.4].

Proposition 2.4 Let (C;)ic; be a finite family of nonempty closed convex subsets of H, let («;);c; be a family in
R, and set o := ) ;c; a;. Then the following hold:

(i) Foreveryx € H,

q(x—Z(xiPcix) =3 Y adg (x) — (x —1)q(x)

iel iel

+(a—1)Y aiq(Pex) — 3 )Y aiajq(Pe,x — Pe;x). (16)

i€l iel jel

2 A monotone operator A: H — 2% is 3* monotone if (V(x,u) € dom A x ran A) inf(, ;)cgran(x —y|u —v) > —oo.
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(ii) Suppose that (Vi € I)a; > 0. Thentan) ;. a;Pc, = Y ;e iCi.
(iii) Suppose that (Vi € I)a; > 0 and that there exists a closed convex set C such that Y} ;e «;Pc, = Pc. Then
YicraiCiis closed and C = ) ;1 a;C;.

Proof. (i): Let x be in H. Apply Lemma 2.1(i) to (x, (Pc,x)ic1, (#i)ier) and notice that (Vi € I) ||x — Pc,x|| =
dCi (x)

(ii): Because the operators (Pc,);c; are 3* monotone by Fact 2.3(ii) and because (Vi € I) dom Pc, = H,
we derive from [10, Lemma 3.1(ii)] that ran ) ;c; a;Pc, = Yy i ran Pc, = Y ;c; 2;C;, as desired.

(iii): It follows from (ii) and our assumption that

foici - ZociCi = reTnZociPci = reTnPC =C= ranPC = ranthl-PCi - sziCi. (17)
i€l iel i€l iel iel
Thus, we conclude that ) ;.; «;C; = C and that ) ;; «;C; is closed. [ ]

Remark 2.5 Proposition 2.4(ii)&(iii) may fail if (3i € I) a; < 0. Indeed, in the setting of Proposition 2.4,
suppose that I = {1,2}, that C; = Cp, and that &y = —ap = 1. Then a;Pc, + a2Pc, = 0 = Pyoy, but
21C1 + apCy = C; — C; # {0} if C; is not a singleton.

The proofs of the following two results are omitted but can be found in [3, Lemmata 2.6 and 2.7].

Lemma 2.6 Let T: H — H be monotone and positively homogeneous®. Then TO = 0.

The following is a variant of [28, Lemma 6.1].

Lemma 2.7 Let f: H — R be Gateaux differentiable on H, and suppose that V f is monotone and positively
homogeneous. Then

(Vx €M) f(x) =3{x| Vf(x)) + f(0). (18)
Recall from [19, pp. 89-90] that, if f: H — |—oo, +-o0], then the Fréchet subdifferential of f at x € dom f
is
XFY—x Hy - XH

Lemma 2.8 Let f: H — Rand z € ‘H. Suppose that f is Fréchet differentiable on H. Then
(Ve € Ryy) O(f +edgy)(z) = VF(z) +eB(0;1). (20)
Proof. Fix ¢ € R4 4. Since f is Fréchet differentiable and d;, is convex, we derive from [19, Propo-

sition 1.107 and Theorem 1.93] that d(g + ed1)(z) = Vf(z) + é(sd{z})(z) = Vf(z) +9d(edz))(z) =
Vf(z) + edd ;) (z). Hence, in view of [5, Example 16.62] (applied to C = {z}), (20) follows. |

3 Main results

Theorem 3.1 (Characterization theorem for proximity operators) Let ¢ € Iy(H), let T: H — H, and set
fi=¢oT+qo(Id — T). Then the following are equivalent:

(i) T = Prox,.

3 A mapping F: H — H is positively homogeneous if (Vx € H)(VA € Ry ) F(Ax) = AFx. Note that we do not require FO = 0.



(ii) T is monotone, gra(@ + trant) is a dense subset of gra ¢, and f is Giteaux differentiable on H with V f =
Id-T.

Furthermore, if (i) or (ii) holds, then f = env @ and f is Fréchet differentiable on H.

Proof. “(i)=-(ii)”: First, by [5, Example 20.30], T = Prox, is monotone. Next, since ¢ € I 0(H) and
T = Proxy, [5, Eq. (24.3)] gives ranT = domdg, and hence, according to [5, Proposition 16.38], it
follows that gra(¢ + trant) is a dense subset of gra ¢. Finally, in view of [5, Remark 12.24], we see that
f=¢oT+qo(Id—T)= ¢oProxy+ qo (Id — Prox,) = env ¢, and [5, Proposition 12.30] thus entails
that f is Fréchet (thus Gateaux) differentiable on H with Vf = Id — Prox, =1d — T.

“(i)<=(ii)”: Set g :== q — f. Then, on the one hand, because q and f are Gateaux differentiable, so
is ¢. On the other hand, since Vq = Id and Vf = Id — T, we infer that V¢ = V(q— f) = Vq—
Vf = T, which is monotone by assumption. Altogether, [5, Proposition 17.7] yields the convexity of g.
Therefore, since g is Gateaux differentiable on H, it follows from [5, Proposition 17.48(i)] that g is lower
semicontinuous on ‘H. To sum up, we have shown that

¢ = q — f belongs to IH(#H) and is Gateaux differentiable on H with Vg = T. (21)
Moreover, (21) and [5, Corollary 13.38] yield
g" € Lh(H). (22)
In turn, set h := ¢g* — q. Let us now establish that

h=¢onranT. (23)

Towards this goal, fix u € ran T, say u = Tx @ Vg(x), where x € H. Then (21), [5, Proposition 17.35],
and the very definitions of ¢ and f assert that

h(u) = g*(u) —q(u) = g"(Vg(x)) — q(Tx) (24a)
= (x| Vg(x)) — g(x) —q(Tx) (24b)
= (x| Tx) —q(x) + f(x) — q(Tx) (24¢)
= (x| Tx) = 3lx|I* + 3llx = Tx|]> + ¢(Tx) — 3| Tx]]? (24d)
= ¢(Tx) (24e)
= @(u). (24f)

Hence, (23) holds. Next, fix v € dom h, and we shall prove that ¢(v) < h(v). Indeed, on the one hand,
because h = ¢* — q and domq = H, we have dom’ = dom g*. On the other hand, due to (21) and [5,
Corollary 16.30], dom dg* = dom(dg) ! = randg, and since randg = ran Vg = ran T thanks to (21) and
[5, Proposition 17.31(i)], we deduce that domdg* = ranT. Altogether, because v € domh = domg*,
(22) and [5, Proposition 16.38] ensures the existence of a sequence (v,),eN in domdg* = ranT such
that v, — v and ¢*(v,) — ¢*(v). Therefore, by the definition of h, we get h(v,) = ¢*(v,) — q(vn) —
¢*(v) — q(v) = h(v). However, because {v,}nen C ranT and v, — v, the lower semicontinuity of ¢
and (23) imply that h(v) = limh(v,) = lim ¢(v,) > ¢(v). Hence, we have established that

(Yo € domh) h(v) = ¢(v). (25)

Next, let us show that
(Yw € dom¢) h(w) < ¢(w). (26)

To this end, let w € dom ¢. Then, since gra(¢ + tranT) is @ dense subset of gra ¢ by assumption, there
exists a sequence (W, )ueN in ran T such that w, — w and ¢(w,) — ¢(w). In turn, since & is lower
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semicontinuous by (22), we infer from (23) that ¢(w) = lim ¢(w,) = lim h(w,) > h(w), from which (26)
follows. Consequently, combining (25) and (26) yields i = ¢. Finally, since ¢ € Iy(H), it follows from
(21), the definition of h, the Fenchel-Moreau theorem, and [5, Proposition 24.4] that Prox, = V(p+
qQ)*=V(h+q)* = Vg™ =Vg =T, as desired. |

In [27], Zarantonello provided a necessary and sufficient condition in terms of a differential equation
for an operator on H to be a projector. The proof there, however, is not within the scope of Convex Analy-
sis. He also conjectured (see the paragraph after [27, Corollary 2, p. 306]) that the Fréchet differentiability
of the operator P in [27, Theorem 4.1] can be replaced by the Gateaux one. By assuming the monotonicity
of P instead of the Lipschitz continuity, we provide below an affirmative answer. The next result, which
plays a crucial role in determining whether a sum of projectors is a projector (see Theorem 3.12 below),
is a variant of [27, Theorem 4.1] with a proof rooted in Convex Analysis.

Theorem 3.2 (Characterization theorem for projectors) Let T: H — H, and set f = qo (Id — T). Then
the following are equivalent:

(i) T € Proj(H).
(ii) T is monotone, f is Gateaux differentiable on H, and Vf =1d — T.

If (i) or (ii) holds, then ran T is closed and convex, T = Pran, and f = (1/ 2)d?, - is Fréchet differentiable on H.

ranT

Proof. Set ¢ = imanT-

“(i)=(ii)”: Suppose that T = Pc, where C is convex, closed, and nonempty. Then clearly ranT =
ran Pc = C is closed and convex. This implies that ¢ = tant € Io(H) and that T = Pyan = Prox,, , =
Proxg. In turn, because f = ¢ o T + q o (Id — T) by the definition of ¢, we infer from Theorem 3.1 that

(ii) holds and, moreover, f = env ¢ = env irant = (1/ 2)dfanT is Fréchet differentiable on H.

“(i)<=(ii)”: We first show that ran T is convex. Indeed, by our assumption, q — f is Gateaux differen-
tiable on H with
Vq-f)=Vq-Vf=Id-(1d-T)=T. (27)

Thus, since T is monotone, [5, Proposition 17.7] ensures that q — f is convex, and thus, the Gateaux
differentiability of q — f and [5, Proposition 17.48(i)] imply that q — f € Ip(#). Hence, due to (27) and
[5, Proposition 17.31(i)], Moreau’s theorem [23] (see also [5, Theorem 20.25]) asserts that T = V(q — f)
is maximally monotone. Consequently, [5, Corollary 21.14] yields the convexity of ran T, as claimed.
In turn, on the one hand, this implies that ¢ = tmnr € IH(H). On the other hand, we deduce from
the definition of ¢ that f = po T+ qo (Id —T) and gra(¢ + tranT) = gra(lmnTrranT) = &ralanT =
ranT x {0} is a dense subset of fanT x {0} = gratmnT = gra¢. Thus, the implication “(ii)=-(i)"” of
Theorem 3.1 and our assumption guarantee that T = Prox, = Prox, ., = PmnT, which completes the
proof. [ |

Remark 3.3 Consider the implication “(ii)=>(i)” of Theorem 3.2. If we merely assume that T is defined on
a proper open subset D of H, then, although there may exist a closed set C such that T is the restriction
to D of the projector onto C, the set C may fail to be convex. An example can be constructed as follows.
Suppose that # # {0}, and set

X

T:H~{0} >H:x— Tk

fi=qo(Id—T), andC:={xeH||x| =1}, (28)

i.e., C is the unit sphere of #. Then clearly C is a closed nonconvex set and T is the restriction to # . {0}
of the set-valued projector Pc. Thus, in the light of [5, Example 20.12], T is monotone. Next, since



(vx € M A{0}) f(x) = (L/2)(1 = 1/[x])x]> = (1/2)(llx]| = 1)? = q(x) — ]| +1/2, we infer that f
is Fréchet differentiable on H ~\ {0} and

(Vx € H~ {0}) Vf(x):x—ﬁ:x—Tx. (29)
Open Problem 3.4 We do not know whether the monotonicity of T can be omitted in Theorem 3.2.
Nevertheless, on the one hand, the following remark might be useful in finding counterexamples if one
thinks the answer is negative; on the other hand, Proposition 3.6 provides information on the set Fix T
in the absence of monotonicity.

Remark 3.5 ([13]) Consider the setting of Theorem 3.2 and suppose that H = R?. Set F := Id — T and
(V(x,y) € H?) F(x,y) = (F(x,y),F(x,y)). Now assume that f is Fréchet differentiable on H with
Vf = 1d — T = F; in addition, suppose that F; and F, are continuously differentiable. Then, since
(F1,F) = Vf, it follows that 0f /0x = F; and that df /dy = F,. Hence, due to Schwarz’s theorem (see,
e.g., [11, Theorem 4.1]),

oF,  0*f  9*f b

dy  oydx  oxdy  ox (30)
However, because V f = F, a direct computation gives
- oF b - oF oF
Bxy) = Blxy) 5oy + By 5oty) = Rlxy) oy + Bxy) () o

. 8F1 8F2 . an aFZ
R(x,y) = Fl(x,y)@(x,y) + Fz(x,y)@(x,y) =h(oy) == (oy) + Fz(x,y)@(x,y)

In the first equation of (31), one can try to solve for F; in term of F,, and vise versa by using the second
one. This approach recovers projectors onto linear subspaces of R? and might suggest a nonmonotone
solution of the equation V f = Id — T. In addition, it is worth noticing that the function ¢: x — ||x — Tx||
satisfies the eikonal equation (see, e.g., [1]),i.e., (Vx € H \FixT) || Vg(x)|| = 1. This might give us some
insights into Open Problem 3.4.

Proposition 3.6 Let T: H — H, and set f := qo (Id — T). Suppose that f is Fréchet differentiable on H with
Vf=1d—T. Then FixT # @.

Proof. Let us proceed by contradiction and therefore assume that FixT = @. Then clearly (Vx €
H) f(x) > 0. Hence, because f: H — R, is Fréchet differentiable with Vf = Id — T and
V- Ryt — R is Fréchet differentiable, we deduce from [14, Theorem 5.1.11(b)] that g := /- o (2f) is
Fréchet differentiable on H (thus continuous) and

2Vf(x)  x—Tx

(VxeH) Vg(x) = 22 e) Tl

(32)

Now let € € ]0,1]. Since g is bounded below and continuous, Ekeland’s variational principle (see, e.g.,
[5, Theorem 1.46(iii)]) applied to ¢ and (&, ) = (&2, ¢) yields the existence of z € H such that (Vx €
H~{z}) g(z) +edpy(z) = g(z) < g(x) +edzy(x). This guarantees that z is the unique minimizer of
g +ed (z}- Thus, [19, Proposition 1.114], Lemma 2.8, and (32) imply that

z—Tz

+¢B(0;1), (33)

which is absurd since ¢ € ]0,1[ and ||(z — Tz)/(||z — Tz|)|| = 1. [

Remark 3.7 Consider the setting and the assumption of Proposition 3.6.
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(i) Zarantonello established in the proof of [27, Theorem 4.1] that, if (in addition to our assumption)
T is Lipschitz continuous, then Fix T # @. However, we do not need the Lipschitz continuity of T
in our proof.

(ii) Suppose, in addition, that V f is continuous. Then we obtain an alternative proof as follows. As-
sume to the contrary that Fix T = &. Then g := /- o (2f) is continuously Fréchet differentiable on

‘H (hence continuous) with

(VxeH) Vg(x)= Hi:;i” (34)

Fix ¢ € ]0,1]. Since g is bounded below and continuous, Ekeland’s variational principle implies
that there exists z € H such that (Vx € H \ {z})g(z) + ed(;1(z) = g(z) < g(x) + ed(x).
Thus, z is a minimizer of g + ed (2} (z). Therefore, because d {z} 18 convex, in view of [26, Theo-
rem 3.2.4(iii)&(vi)&(ii)] and [5, Example 16.62], we see that

z—Tz

+eB(0;1), (35)
which contradicts the fact that e € 0, 1].

By specializing Theorem 3.2 to positively homogeneous operators on H, we obtain a characterization
for projectors onto closed convex cones.

Corollary 3.8 Let T: H — H and set f := q o T. Then the following are equivalent:

(i) There exists a nonempty closed convex cone K such that T = Pk.

(ii) T is monotone and positively homogeneous, f is Giteaux differentiable on H, and Vf = T.
If (i) or (ii) holds, then K = ran T.

Proof. “(i)=(ii)”: Clearly ran T = ran Px = K. Now, it follows from [5, Example 20.32] that T = Px is
monotone. Next, because K is a nonempty closed convex cone, [5, Proposition 29.29] guarantees that T
is positively homogeneous. In turn, since f = qo T = qo Px, [5, Proposition 12.32 and Lemma 2.61(i)]
yield the Gateaux differentiability of f and, moreover, Vf = V(qo Px) = Px = T, as desired.

“(i)<=(ii)": First, since T is positively homogeneous,
ran T is a cone in H. (36)

Nowset g: H — R : x — (1/2)(x|Tx) = (1/2)(x|Vf(x)) and h :== qo (Id — T). Since Vf = T is
monotone and positively homogeneous by assumption, Lemma 2.7 ensures that g is Gateaux differen-
tiable on H and Vg = Vf = T. Thus, because h = q — 2¢ + f, it follows that / is Gateaux differentiable
on ‘H with gradient Vi = Vq - 2Vg¢g+ Vf =1d — 2T + T = Id — T. Consequently, since T is monotone,
we conclude via Theorem 3.2 (applied to /) and (36) that ran T is a closed convex cone in H and that
T = Pranr- u

In Corollary 3.8, if T is a bounded linear operator, then we recover the following well-known charac-
terization of orthogonal projectors. (For proofs, see, e.g., [3, Corollary 3.9] or [25, Theorem 4.29].)

Corollary 3.9 Let L: H — H. Then the following are equivalent:

(i) There exists a closed linear subspace V of H such that L = Py.
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(ii) L € B(H)and L = L* = L2
(iii) L € B(H)and L = L*L.

If one of (i)—(iii) holds, then V = ran L.

Theorem 3.10 (Linear combination of projectors) Let (C;)ic; be a finite family of nonempty closed convex
subsets of H, let («;)icy be a family in R, and set « := Y ;; ;. Then, there exists a closed convex set C such that
Y.icr«iPc, = Pc if and only if } ;c; «; Pc, is monotone and

(FyeR)(VxeH) (a—1)) aiq(Pcx)—3) Y anjq(Pex — Pox) =; (37)
iel ieljel
in which case,
de =Y aidg —2(a —1)q+ 2. (38)
i€l

Proof. Set T =Y ;c;a;Pc, set f := qo (Id — T), and define

g:H - Rixr (a—1)) aiq(Pex) — 5 Y Y winjq(Pex — Pg;x). (39)

iel iel jel

In view of Proposition 2.4(i), we have

(Vx e H) f(x) =3 ade (x) — (a — 1)q(x) + g(x). (40)

iel

Now assume that there exists a nonempty closed convex subset C of H such that T = Pc. Then, due to
Fact 2.3(i), we see that T is monotone. Next, on the one hand, since T = P, it follows from Theorem 3.2
that f is Fréchet differentiable on H and Vf = Id — T = Id — } ;c; «;Pc,. On the other hand, for every
i € I,since C; is convex, closed, and nonempty, we infer that d% = 2qo (Id — P,) is Fréchet differentiable
on H with Vd2 = 2(Id — Pc,). Altogether, since &« = Y ;; a; by definition, it follows from (40) that g is
Fréchet differentiable on  and that

Vg=Vf-V (i ad — (@-1)q) = (ld= DaPe) - Lasld — Pe) + (@~ )d =0.  (41)

i€l iel i€l

Consequently, there exists v € R such that (Vx € H) g(x) = 7. Conversely, assume that T is monotone
and that (37) holds. Then, we derive from (40) that

=3 ) wide, — (e —1)q+7, 42)

iel

and it thus follows that f is Fréchet differentiable on H and, since « = Y ;c;a;, Vf = Yy a;(Id — Pc,) —
(0« —1)Id = Id — Y jc;aiPc, = Id — T. Hence, since T is monotone by our assumption, Theorem 3.2

ensures the existence of a nonempty closed convex set C such that T = Pc. Therefore, f = qo (Id — P¢) =
(1/2)d% and (38) follows from (42). [

Remark 3.11 As we have seen in Remark 2.5, the set C in Theorem 3.10 need not be ) ;< «;C;.

We now establish a necessary and sufficient condition under which a finite sum of projectors is a
projector.
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Theorem 3.12 (Sum of projectors) Let (C;)ic; be a finite family of nonempty closed convex subsets of H, and
set o := card I. Then } ;c; Pc, € Proj(#H) if and only if

(Iy e R)(Vx € H) Y (Pox| Pex) =1; (43)
(i,j)eIxI
i#]

in which case, Y ;<1 C; is a closed convex set,

Z Pc, = PZiel Cir (44)
iel
and
dZZ[eICi = 26% —2(e—1)q+ 7. (45)
ic

Proof. Since it is clear that )} ;c; Pc, is monotone, we derive from Theorem 3.10 (applied to (Cj)icr,
(ai)ier = (1)je, and @ = card I = Y ;1) and (9) that

Y P, € Proj(H) & (Fy e R)(Vx € H) (¢ —1) ) q(Pc,x) — 3) Y q(Pex — Pox) = (46a)

iel iel iel jel
& (@yeR)(VxeH); Y, (Pox|Pex) =7 (46b)
(i,j)eIxI
i#j
& (43), (46¢)

as desired. Next, suppose that ) ;c; Pc, € Proj(#). Then, there exists a closed convex set C such that

Y P, = Pc; (47)
i€l
therefore, as we have shown above, there exists v € R such that
(Vx e H) Y. (Pcx|Pcx)=1. (48)
(i,j)eIxI
i#j

According to Proposition 2.4(iii) and (47), we see that ) ;.; C; = C is a closed convex set, from which and
(47) we get (44). Furthermore, it follows from (10) and (48) that

2
(Vx € H) d2(x) = |jx — Pex|]? = Hx—ZPCxH (49a)
iel

= (1 —a)|xIP+ Y llx = Pex[>+ ) (Pex|Peyx) (49b)

iel (ij)elxI

i#]
=Y dg (x) —2(a = 1)q(x) + 7, (49¢)
iel

and (45) follows. [ |

Corollary 3.13 Let C and D be nonempty closed convex subsets of H. Then the following are equivalent:

(i) Pc + Pp € Proj(H).
(i) (Iy € R)(Vx € H) (Pcx| Ppx) = 1.
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If (i) or (ii) holds, then C 4 D is a closed convex set,
Pc+ Pp = Pcip, (50)

and
di. p =d%+dh —2q+2. (51)

Remark 3.14 Consider the setting of Corollary 3.13. In view of [5, Example 12.3], we see that (51) is
equivalent to (tcOtp)0q = tcOq+ tpOq — q+ 7. Hence, using [5, Proposition 13.24(i)] and Moreau’s
decomposition [22] (see also [5, Remark 14.4]), we infer that

(51) & q— (i,cOip)*0q=—(x0q) — (1lp0q) +q+ 7 (52a)
& q—(c+ip)0gq=—(c0q) — (ipOq) +q+7 (52b)
& (ic+ip)Bq=1c0q+poqg—1. (52¢)

This type of relationship is used in [12, Proposition 3.16] to establish a condition for the sum of two
proximity operators to be a proximity operator.

The following simple example shows that the constant  in Corollary 3.13 can take on any value.
Example 3.15 Let uand vbein H, set C := {u}, and set D := {v}. Then clearly Pc + Pp = Py, = Pcyp
and (Vx € H) (Pcx | Ppx) = (u|v).

As a consequence of Corollary 3.13, a sum of projectors onto orthogonal sets is a projector; see [7,

Proposition 2.6] for a different derivation.

Corollary 3.16 Let C and D be nonempty closed convex subsets of H such that C L D. Then the following hold:

(i) C+ D is a nonempty closed convex set.
(i) Pc+ Pp = Pcip.
(il) 2., = d&+d} —2q.
Proof. Since (Vx € H) (Pcx | Ppx) = 0, the conclusions readily follow from Corollary 3.13. |

We now provide an instance where item (ii) of Corollary 3.13 holds, C Q D+ in general, and neither
C nor D is a cone.

Example 3.17 Let K be a nonempty closed convex cone in H, let p; and pp bein R, ., set C := KNB(0; p1),
and set D := K® N B(0; p2). It then immediately follows from [4, Theorem 7.1] and [5, Theorem 6.30(ii)]
that

P1 P2
Vx € H Prx | Ppx) = Prx Prex ) = 0. 53
(vxe#) (Pex|Pox) <max{HPKxu,m} K| max{ P apa} K > 3)
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Figure 1. A GeoGebra [17] snapshot illustrating the sets C (yellow) and D (green) in the setting of Exam-
ple 3.17.

We next establish a necessary and sufficient condition for u + Pc to be a projector.

Example 3.18 Let C be a nonempty closed convex subset of H, and let u € H. Then, since (Vx € H) u =
Py, x, we deduce from Corollary 3.13 that

u+ Pc = Pp,y + Pc € Proj(H) & (37 € R)(Vx € H) (u|Pcx) = v (54a)
S (FyeR)(VxeC)(u|x) =7 (54b)

& (Vx e C)(Vy € C) (u|x) = (uly) (54¢)

& WVxelC)(Vyel)(ulx—y)=0 (54d)

sue(C-0)% (54e)

in which case, u + Pc = P, ¢ due to Corollary 3.13.

Remark 3.19 Consider the setting of Example 3.18. Since u 4 P¢ is monotone, nonexpansive, and a sum
of proximity operators, [2, Corollary 2.5] guarantees that u + Pc is a proximity operator. However, by
Example 3.18, it is not a projector unless u € (C — C)*.

Here is a sufficient, but not necessary, condition for a sum of projectors to be a projector.

Corollary 3.20 Let m > 2 be an integer, set I == {1,...,m}, let (C;);c; be a family of nonempty closed convex
subsets of H, and set C := Y ;c; C;. Suppose that, for every (i,j) € I x I with i < j, there exists 7v;; € R such
that (Vx € H) (Pc,x | Pc;x) = 7ij. Then C is a closed convex set and Y ;c; Pc, = Pc.

Proof. Set (Vk € I) Dy := Y¥_; C;, and let us establish that

k
(Vk e I~ {1}) Dy is a closed convex setand ) _ P, = Pp,. (55)
i=1

Due to Corollary 3.13, the claim holds if k = 2, and we therefore assume that, forsomek € {2,...,m—1},
Dy is a closed convex set and that YX_; Pc, = Pp,. Then, by our assumption, (Vx € H) (Pp,x | Pc,,,x) =
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YK (Pc,x | Pc,,,x) = Y& Yik+1, from which and Corollary 3.13 (applied to Dy and Ci,1) we infer that
Dy+1 = D + Cyyq is a closed convex set and, due to the induction hypothesis, Zf‘ill Pc, = Z{;l Pc, +
Pc,, = Pp, + Pc,,, = Pp,+c,., = Pp,.,- Hence, letting k = m in (55) yields the conclusion. |

We now illustrate that the assumption of Corollary 3.20 need not hold when merely } ;; Pc, = Pc.

Example 3.21 Let C be a nonempty closed convex subset of H such that £ ~. (C — C)* # @, and suppose
that u € H ~ (C — C)*. Then Py, + P;_,y + Pc = Pc is a projector. However, if x + (Pg,yx | Pcx) =
(u | Pcx) were a constant, then it would follow from Corollary 3.13 that u + Pc = Py, + Pc is a projector,
which violates Example 3.18 and the assumption that u ¢ (C — C)*.

We conclude this section with a result concerning the difference of two projectors.

Proposition 3.22 Let C and D be nonempty closed convex subsets of H. Then Pp — Pc € Proj(H) if and only
if Pp — Pc is monotone and there exists y € R such that (Vx € H) (Pcx | Ppx — Pex) = 1.

Proof. Using Theorem 3.10 with I = {1,2}, (C;,C2) = (D,C), and (a3,a2) = (1,—1), we infer that
Pp — Pc € Proj(#H) if and only if Pp — Pc is monotone and there exists v € R such that (Vx € H) —y =
—(q(Ppx) — q(Pcx)) + q(Pcx — Ppx) = (Pcx | Pcx — Ppx), which is the desired conclusion. |

Remark 3.23 Zarantonello in [27, Lemma 5.12] showed that if C and D are nonempty closed convex cones
in ‘H, then Pp — Pc € Proj(H) if and only if PcPp = Pc, in which case Pp — Pc = Ppc=. For instance,
when H = R2,C = Ry x {0}, and D = R} x Ry, the difference operator Pp — P¢ is the projector onto
{0} X R+.

4 Convex combination of projectors

The analysis of this section requires the following results.

Fact 4.1 (Zarantonello) Let (T;)c; be a finite family of firmly nonexpansive operators from  to H, let
(«;)ic1 be real numbers in ]0, 1] such that } ;c;a; = 1, and let C be a nonempty closed convex subset of
H. Then Y ;c; a;T; = Pc if and only if there exist vectors (u;);c; in H such that (Vi € I) T; = Pc + u; and
Zie XU = 0.

Proof. See [27, Theorem 1.3]. [ ]

Lemma 4.2 Let C and D be nonempty closed convex subsets of H, and set v := P5—z0. Then the following hold:

(i) Let (cn)nen and (dy)nen be sequences in C and D, respectively, and suppose that d, — ¢, — v. Then
dn — Pcdn — 0.

(ii) Suppose that there exists u € H such that Pp = Pc +u. Thenu =v € (C—C)tand D = C +v.
(iii) Suppose that there exists v € R such that (Vx € H)|Ppx — Pcx|| = . Then v € (C—C)* and
D=C+vo.
Proof. (i): See [6, Proposition 2.5(i)].

(ii): Since Pp = Pc + u, Example 3.18 guarantees that u € (C — C)* and that D = C + u. Hence, it
suffices to show that u = v. Indeed, since v = P5—0 € D — C, there exist sequences (¢, )nen in C and
(dy)nen in D such that d, — ¢, — v. Thus, we deduce from (i) that

dy — Pedy, — 0. (56)
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On the other hand, since Pp = Pc + u and (d,)qen is a sequence in D, it follows that (Vn € N)u =
Ppd, — Pcd,, = d,, — Pcd,,. This and (56) yield u = v, as claimed.

(iii): Let (cn)nen and (dy)nen be sequences in C and D, respectively, such that d, — ¢, — v. Ac-
cording to (i), d, — Pcd, — v, and therefore, ||d, — Pcd,|| — ||v||. However, since (Vn € N)d, € D,

it follows from our assumption that (Vn € N)v = ||Ppd, — Pcdy|| = ||/dn — Pcdy||. Hence, invok-
ing the assumption once more, (Vx € H) [|[P5—c0|| = ||v|| = v = |[Ppx — Pcx|. Consequently, since
(Vx € H) Pox — Pcx € D — C, we conclude via [9, Lemma 2.4] that (Vx € H) Ppx — Pcx = P50 = v.
Now apply (ii). [ |

Here is our main result of this section.

Theorem 4.3 (Convex combination of projectors) Let (C;)ic; be a finite family of nonempty closed convex
subsets of H, let k € 1, and set (Vi € I) v; := Ps—¢.0. Then the following are equivalent:

(i) There exists (a;)icy in ]0,1]" such that Y;c; a; = 1 and ¥ ; a; P, € Proj(H).
(ii) For every (i,j) € I x I, there exists & € R\ {0,1} such that (1 — a)Pc, + aPc;, € Proj(H).
(iii) For every i € I, we have v; € (Cy — Cy)* and C; = Ci + v;.

(iV) {Ziel “iPC,- ‘ (“i)ie[ S ]RI and Zie[ K = 1} Q PI‘Oj (H)

Furthermore, each of the above implies that, for every (a;)ic; € R! such that ¥ ;c; a; = 1, we have

ZIXIPCZ = Pck+2i61 n;0; (57)

iel

Proof. “(i)=-(iii)”: Suppose that there exist («;)ic; € ]0, 1]1 and a nonempty closed convex subset C
of H such that Y ;c;a; = 1 and Y ;c;a;Pc, = Pc. Then, since (Pc,)ic; are firmly nonexpansive by [5,
Proposition 4.16], Fact 4.1 guarantees the existence of vectors (u;);c; in H such that

(Viel) Pc =Pc+u. (58)

Now fix i € I. We then derive from (58) that Pc, = (Pc, — ux) + u; = Pc, + u; — uy, and it thus follows
from Lemma 4.2(ii) (applied to (Ci, C;, u; — uy)) that v; € (Cx — C¢)* and C; = Cy + v;, as required.

“(iii)=(iv)”: Let (#;)ie; € R! be such that ¥ ;c;a; = 1. Then, since (Vi € I)v; € (G — Ci)t, it
follows that ¥";-; a;v; € (Cx — C)*. In turn, because Y ;c; a; = 1, our assumption and Example 3.18 yield
Yicr®iPe, = Yier 0iPc,vo; = Yier 0i(Pe, + i) = Po, + Yieg #i0i = Pc, 4y, a0, Which establishes (iv) and
(57).

“(iv)=(i)": Clear.
At this point, we have shown that
(i) & (iii) & (iv) = (57). (59)
To complete the proof, we shall show that (ii) < (iii).

“(ii)=-(iii)”: Fix i € I. Then, by assumption, there exists « € R \. {0, 1} such that (1 — «)Pc, + aPc, €
Proj(#). Therefore, applying Theorem 3.10 to (C;, Cx) and the corresponding coefficients (1 — a, a),
we deduce the existence of v € R such that (Vx € H) (1 — a)a||Pc,x — Pc,x||> = . Thus, because
(1 —a)a # 0due to the fact thatw € R~ {0, 1}, it follows that (Vx € H) ||Pc,x — Pe,x||*> = ya~ 1 (1 —a) 1.
This and Lemma 4.2(iii) yield (iii).

“(iii)=(ii)”: Suppose that (iii) holds. Then, due to (59), (iv) holds, from which (ii) follows. [

16



The following example shows that the conclusion of Theorem 4.3 fails if we replace “convex combi-
nation” by “affine combination” in item (i).

Example 4.4 Let C be a nonempty closed convex subset of H, and let u € H. Then the affine combina-
tion of (Pc, Pc, P{u}) with weights (1/4,—1/4,1) is a projector since (1/4)Pc — (1/4)Pc + Py = Py
However, Theorem 4.3(iii) fails when C is not a singleton.

Here are some direct consequences of Theorem 4.3.

Corollary 4.5 Let (C;);cy be a finite family of nonempty closed convex subsets of H. Suppose that N;c1C; # @
and that there exists (a;)ic; € 10,1)" such that Y;c;0; = 1 and YiciaiPc, € Proj(H). Then (Vi € I)(Vj €
I)C; =C;j.

Proof. Letk € I'and leti € I. Since G, N C; # & by assumption, we see that P-—0 = 0, and thus, due
to our assumption, the implication “(i)=-(iii)” of Theorem 4.3 yields C; = Cy, as desired. ]

Corollary 4.6 Let C and D be nonempty closed convex subsets of H. Then the following are equivalent:

(i) (3w € R~{0,1}) (1 —a)Pc+aPp € Proj(H).
(i) (Ve € R) (1 —a)Pc+ aPp € Proj(H).

(iii) P5—0 € (C—C)*and D = C + P5—0.
Proof. This follows from the equivalences “(ii) < (iii)<>(iv)” of Theorem 4.3. |

We now specialize Corollary 4.6 to get a result on scalar multiples of projectors.

Corollary 4.7 Let C be a nonempty closed convex set in H, and let « € R\ {0,1}. Then aPc € Proj(#H) if and
only if C is a singleton.

Proof. Let D = {0} in Corollary 4.6. [

5 The partial sum property of projectors onto convex cones

In this section, we shall discuss the partial sum property and the connections between our work, Zaran-
tonello’s [27, Theorems 5.5 and 5.3], and the recent work [2]. We shall need the following two results.
Let us provide an instance where the star-difference of two sets (see [16]) can be explicitly determined.
Lemma 5.1 was mentioned in [2, Footnote 5] and was also stated implicitly in the proof of [27, Theo-
rem 5.2].

Lemma 5.1 (Star-difference of cones) Let Ky and K, be nonempty closed convex cones in H, and set
K={ueH|u+K, CKq}. (60)
Then the following are equivalent:
(i) K = K;.
(i) 0 € K.
(iii) K # @.
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(iV) Kz - Kl.

Proof. The chain of implications “(i)=-(ii)=-(iii)” is clear.

“(iii)=-(iv)”: Fix u € K. Then, since K; and K, are cones, we infer that (Ve € Ri;)eu + Ky =
e(u + Ky) C €Ky = Kj. In turn, letting ¢ | 0 and using the closedness of K;, we obtain K, C Kj.

“(iv)=-(i)": First, take u € Kj. Since K, C K;j and Kj is a convex cone by assumption, it follows that
u+ Ky C Ky + Ky C Ky, and therefore u € K. Conversely, fix u € K. Because u + K, C K; and 0 € Ky,
we deduce that u € K, which completes the proof. [ ]

Proposition 5.2 Let C and D be nonempty closed convex subsets of H, and set
f=23dt+1d, —q and h=f —q. (61)
Then the following hold:
(i) (Yu € H)h(u) =sup,.p (oc(u+0)+ (u|v)).
(ii) Suppose that C and D are cones and D C C®. Then h = iconpe.-
Proof. (i): Since D is convex, closed, and nonempty, we see that ip € Iy(#), and so (1/ Z)dZD =ipdq =

tpEq by [5, Example 12.21 and Proposition 12.15]. In turn, Moreau’s decomposition asserts that q —
(1/2)d? = q—ipEq = 15 Eq. Thus, (61) yields

f=1d¢ —ipEq. (62)

Moreover, since ip € IH(H) and q* = q, [5, Proposition 13.24(i)] and the Fenchel-Moreau theorem
guarantee that (1,3q)* = 1}y + q" = (p + q, which implies that dom(:;,Eq)* = D. Consequently,
because i}, q € Ip(H), [5, Proposition 14.19 and Example 13.27(iii)] imply that

(VueH) f(u)—q(u) = (3d¢ —pEq) (1) —q(u) (63a)
= sup ((3) (o)~ (15D (@) —q(u)  (63b)
vedom(i;, [1q)*
= sup ((Tc(u +9v)+qu+v)— q(v)) —q(u) (63¢)
veD
= sup (ac<u +0) + (u] v)), (63d)
veD

as announced.
(ii): First, because D C C®, Lemma 5.1 (applied to the pair of closed convex cones (CZ, D)) yields
C®={ueH|u+DCC"}. (64)
Next, we derive from (i) and [5, Example 13.3(ii)] that

(Vu e H) h(u) =sup (UC(M + )+ (u| v)) = sup <1Ce(u +v) + (u| v)) (65)

veD veD

Now fix u € H, and let us consider two alternatives.

(@) u € H ~ C®: In view of (64), there exists v € D such that u + v € H ~ C°, and therefore, by (65),
h(u) > ico(u+0v) + (u|v) = +oo.

(b) u € C®: Then, by (64), u + D C C®. Hence, since D is a nonempty cone, it follows from (65) and
[5, Example 13.3(ii)] that /(1) = sup,.p(u|v) = op(u) = tpe(u) = tconpe ().

Altogether, we obtain the desired conclusion. u
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Here is the first main result of this section. The proof of the implication “(v)=-(i)” was inspired by [2,
Lemma 5.3].

Theorem 5.3 Let Ky and Ky be nonempty closed convex cones in ‘H. Then the following are equivalent:

(i) Ky + Ky is closed and Py, + Px, = Pk, +k,-
(ii) There exists a nonempty closed convex cone K such that Py, + Px, = Px.
(iii) Pk, + Px, is a proximity operator of a function in Ip(H).
(iv) Px, + Pk, is nonexpansive.
(v) Id — Pk, — Px, is monotone.

(vi) (Vx € H) (Pk,x | Px,x) = 0.
Furthermore, if one of (i)—(vi) holds, then

A% 1k, = d%, +dx, —2q = dg, — d% =dy, — di?. (66)

Proof. The chain of implications “(i)=(ii)=-(iii)=(iv)” is clear, and the implication “(iv)=-(v)” follows
from [5, Example 20.7]. We now assume that (v) holds and establish (i). Towards this end, set

fim b 41 - 7
and set
h:=f"—q. (68)

Let us first establish that i = KONKS - To do so, we derive from the monotonicity of Id — Px, — Pk, and
Moreau’s conical decomposition that

(VX € H) <X ‘ PKi@x — PK2X> = (x -0 ’ (Id — PK1 — PKZ)X — (Id — PK1 — PK2)0> > 0. (69)

Thus, because Kl9 and K; are closed convex cones, [27, Lemma 5.6] guarantees that K, C Kle, from which
and Proposition 5.2(ii) we deduce that

as claimed. Next, by Theorem 3.2 (respectively applied to Pk, and Pk,), f is Fréchet differentiable on ‘H
(hence continuous) and

Vf=(Id - Px,)+ (Id — Pg,) —1d = Id — P, — Px,, (71)

which is monotone by assumption. Therefore, in view of [5, Proposition 17.7(iii)], f is convex, and so f €

Io(H). In turn, because f* =h+q =1 konky +q by (68) and (70), the Fenchel-Moreau theorem and [5,

Example 13.5] yield f = f** = (igexs +q)" = q— (1 /2)d%. - Hence, by (71) and [5, Corollary 12.31],
1 2

weobtainId — P, — Px, = Vf = Id — (Id — Pyogo ) = Pgops - Thus, the Moreau conical decomposition

and [5, Proposition 6.35 and Corollary 6.34] guarantee that Pk, + Pk, = Id — Preqge = Pongg)e =

= PK1 5 Consequently, Proposition 2.4(iii) asserts that K; 4 Kj is closed, and therefore, Pk, +

PK;—)S+K§)%
Px, = Pk, +k,, as desired. To summarize, we have shown the equivalences of (i)—(v).

“(i)«<>(vi)”: Follows from Corollary 3.13 and the fact that (Px,0]| Px,0) = 0. Moreover, if (vi) holds,
then (66) follows from Corollary 3.13 and [5, Theorem 6.30(iii)]. [ ]
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Replacing one cone by a general convex set may make the implication “(v)=-(i)” of Theorem 5.3 fail,
as illustrated by the following example.

Example 5.4 Let K be a nonempty closed convex cone in H, and let u € H. Then, by Moreau’s conical
decomposition, Id — Px — P{u} = Pyge — u, which is clearly monotone. However, owing to Example 3.18,

Pyyy + Px = u + Px is not a projector provided that u ¢ (K — K)*.

Here is an instance where the projector onto the intersection can be expressed in term of the individual
projectors.

Corollary 5.5 Let Ky and K be nonempty closed convex cones in ‘H. Then the following are equivalent:
(1) PKIQKZ = PKl =+ PKZ —Id.
(ii) PK1 + PKZ —Id e Proj (H)
(iii) Px, + Px, — Id is monotone.

(i) (Vx € H) [P, x| + [ Pox|? = [|x[|* + (P, x | Piyx).-

Proof. We first deduce from the Moreau conical decomposition and [5, Proposition 6.35] that

Pxyrk, = P, + Pi, —1d & 1d — P rxy)e = Py + Pr, — 1d (72a)
& 1d — Pe o = Pi + P, —1d (72b)
& Peoge = (1d = P,) + (1d — Pg,) (72¢)
& Py = P + P (72d)

“(i)«(ii)”: Denote by € the class of nonempty closed convex cones in H. Then, because the mapping
€ — €: K — K is bijective due to [5, Corollary 6.34], we derive from (72d), the equivalence “(i)<(ii)”
of Theorem 5.3, and the Moreau conical decomposition that

(i) Pm = Pgo + Py (73a)
& K{ + K5 is closed and Pye, kg = Pro + Py (73b)
& (FKeC) Pk = Pge + Py (73c)
& (3K € €)Id — Pxe = (Id — Px,) + (Id — Px,) (73d)
& (IK € @) Pge = Pk, + Py, —Id (73e)
& (IK € @) Py = Py, + Pk, —1d (73f£)
& (i), (73g)

where the last equivalence follows from the fact that Py, + Pk, — Id is positively homogeneous.
“(i)<>(iii)”: Since Id — (PKle + PK§) = Px, + Pk, —1d by Moreau’s decomposition, this equivalence is
a consequence of (72d) and the equivalence “(ii)<>(v)” of Theorem 5.3 (applied to (K? , I<2e ).
“(i)<(iv)”: This readily follows from (72d), the equivalence “(ii)<(vi)” of Theorem 5.3 (applied to
(K{,K5)), and Lemma 2.2(ii). |

By replacing (Ki,Kz) by (K1, K5') in Corollary 5.5, we provide an alternative proof for [27, Theo-
rem 5.3]. The linear case of Corollary 5.6 goes back at least to Halmos (see [15, Theorem 3, p. 48]).
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Corollary 5.6 (Zarantonello) Let Ky and K; be nonempty closed convex cones in ‘H. Then Px,Px, = Px, if and
only if Py, — Pk, is a projector onto a closed convex set; in which case, Pg, — P, = Py, s -

Proof. First, suppose that Px,Px, = Px,. Then, by [5, Theorem 6.30(i)&(iii)] and Lemma 2.2(i),

(Vx € H) (Pix|Prpx) = (P x | x) = (P, ¥ | Piox) = (P x [ %) — (Piyx [ P, Prox) - (74a)

= || Pe,x||* = || Pry P x| (74b)
= || P x||* = || P x> (74c)
= || P x| + [[ P x||* — x| (74d)

Hence, the equivalence “(i)<(iv)” of Corollary 5.5 (applied to (K1, K3')) yields Pk, — Px, = Pk, + Pye —
Id = Py, gy, as desired. Conversely, assume that P, — Py, is a projector associated with a closed convex
set. Since Pk, — Pk, = Pk, + Px; —1d, it follows from the equivalence “(i)(ii)” of Corollary 5.5 (applied
to (K1, K5)) that

Px, — P, = Py,ie- (75)

Now take x € H. On the one hand, because Py, ko + Px, = (Pk, — Px,) + Px, = Pk, by (75), we infer
from Theorem 5.3 that Py, x=x L Pk,x or, equivalently, by (75), (Px,x — Px,x) L Px,x.On the other hand,

(75) implies that Pk, x — Px,x € K5 . Altogether, since clearly Px,x € Ky, [5, Proposition 6.28] asserts that
Px, Px,x = Pk, x, and the proof is complete. n

The so-called partial sum property, i.e., if a finite sum of proximity operators is a proximity operator,
then so is every partial sum, was obtained in [2]. Somewhat surprisingly, as we shall see in the following
result, this property is still valid in the class of projectors onto convex cones. The equivalence “(i)<>(iii)”
of the following result was obtained by Zarantonello with a different proof (see [27, Theorem 5.5]).

Theorem 5.7 (Partial sum property for cones) Let (K;);c; be a family of nonempty closed convex cones in H.
Then the following are equivalent:

(i) Forevery (i,j) € I x I such that i # j, we have (Vx € H) (Px,x | Px,x) = 0.
(1) Yies Kiis closed and } ;e Pk, = Py, ;-
(iii) Y_ics Pk, is a projection onto a closed convex cone in H.
(iv) Yoier Px, is a proximity operator of a function in Iy(H).
(v) For every nonempty subset | of I, ¥ e Pk; is a proximity operator of a function in Ip(H).
(vi) For every nonempty subset | of I, } ;c; Kj is closed and } ;c; Pg; = Py, k.
(vii) Forevery (i,j) € I x I such that i # j, we have Pk, + Px; is nonexpansive.

(vili) For every (i,j) € I x I such that i # j, we have Id — Pk, — Px; is monotone.

Proof. “(i)=-(ii)”: A direct consequence of Corollary 3.20.
“(ii)=-(iii)” and “(iii)=(iv)": Clear.
“(iv)=(v)": Let f € Iy(H) be such that } ;c; P, = Prox;. Then, by Moreau’s decomposition ([22]),

Yoic Px; + Proxs. = Proxs + Proxg- = Id. Therefore, since { Pk, }ic; are proximity operators, the conclu-
sion follows from [2, Theorem 4.2].
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“(v)=-(vii)”: Clear.
(vii)=(viii)”: See [5, Example 20.7].
“(viii)=>(i)”: This is the implication “(v)=-(vi)” of Theorem 5.3.
To sum up, we have shown the equivalence of (i)—(viii) except for (vi).
“(v)&(vi)”: Follows from the equivalence “(ii) & (iv).” [ |

As we now illustrate, the partial sum property may, however, fail outside the class of projectors onto
convex cones.

Example 5.8 Suppose that H # {0}, letw € H ~ {0}, set U :== Riw, and set V := Ry (—w) = R_w.
Then, appealing to [5, Example 29.31], we see that (Vx € #H) (Pyx | Pyx) = 0. Hence, by Theorem 5.3,
Py+ Py = Pyiv = Pry Now suppose that z € H ~ (U—U)* = H ~ (Rw)'. Then clearly P +
Py + P,y + P} = Pro is the projector associated with the line Rw. However, due to Example 3.18,
P,y + Pu = z+ Py is not a projector.

To proceed further, we require the following lemma.

Lemma 5.9 Let u and v be in H ~ {0}, and set U := Ryu and V := Ryv. Then

[(Vx e H)(Pyx|Pyx) =0] < [ueR__vorulo]. (76)

Proof. Suppose first that
(Vx S H) <Pux ‘ PVx> =0, (77)
and set w := ||v||u + |julv. Then, by the Cauchy-Schwarz inequality, (w | u) = ||o||||u||> + ||u|/{u|v) >
ol lulf? = ]| (lullllo) = 0and (w]o) = |lv](u]ov) + [[ulllo]* = =[ol(ull]) + [u]]o]? = o.

Hence, due to [5, Example 29.31], we obtain

(wlu) _ olllul®+ Ju]l{u] ) (o) _ [olu|o) + lullo]?
Pyw = u= u and Pyw = v = 0. (78)
[Ju] | [Ju] [ [o]? [o]1?
In turn, it follows from (77) that
1
0= (Pyw|Pyw) = 7”14”2”0”2(HUHHMH2+ [l (e[ 0)) (0]l (u | 0) + [ul[[[0]?) (u | o), (79)

from which we derive the following conceivable cases.
(@) (u|v) =0: Thenu L v.

(b) [|v||||u]|? + |[u]|(u|v) = 0: Then, since ||u|| > 0, we get ||v||||u]| + (u|v) = 0 or, equivalently,
(u|—ov) = ||o||||u|| = ||—v||||u|]. Consequently, the Cauchy-Schwarz inequality yields u € R}, (—v) =
R__v.

(©) ||lo]|{u|v) + ||u]|||[v]|*> = 0: Proceeding as in the case (b), we obtain u € R__v.

Conversely, assume thatu € R__vorthatu L v. Letx € H.If u € R__v, then V =Ryv =Ry (—u),
and since U = R, it follows from [5, Example 29.31] that 0 € {Pyx, Pyx} and so (Pyx|Pyx) = 0.
Otherwise, we have (u | v) = 0 and, invoking [5, Example 29.31] once more,

(Pyx | Pyx) = max{ (x| u),0} max{(x|v),0} (u|v) =0, (80)

1
][0

as required. n
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Theorem 5.7 allows us to characterize finitely generated cones of which the associated projectors are
the sum of projectors onto the generating rays.

Proposition 5.10 Let (u;)c; be a finite family in H ~ {0}, set (Vi € I) K; := Ryu;, and set K := Y ;. K;. Then
Px = Y.ie1 Px; if and only if, for every (i, ) € I x I with i # j, we have u; 1 u; or u; € R _u;; in which case,
foreveryic I, card{j € I'|u; € R__u;} <1

Proof. Assume first that Px = ) ;| Px,. Then, Theorem 5.7 ensures that,
for every (i,j) € I x I withi # j, we have (Vx € H) (P, x | Px;x) = 0. (81)

Hence, for every (i,j) € I x I withi # j, because K; = R, u; and K; = R u;, we derive from Lemma 5.9
that u; € R__u; or u; L u;. Now fixi € I, and let us show that card{j € I | u; € R__u;} < 1by
contradiction: suppose that there exists (j, k) € I x I such that j # kand {u;, u;} € R__u;. Then, clearly
uj € Ry;ug. On the other hand, (81) and Lemma 5.9 imply that u; | uy or u; € R__uy. Altogether, we
reach a contradiction. To sum up, card{j € I'|u; € R__u;} < 1. To see the converse, combine Lemma 5.9
and Theorem 5.7. [

We conclude this section by summarizing our findings (see [3, Section 6] for proofs) for the case when
H=R.
Remark 5.11 Let C and D be nonempty closed intervals in R such that Pc + Pp € Proj(RR). Then exactly
one of the following cases occurs:

(i) Cand D are singletons.

(ii) Neither C nor D is a singleton, and CN D = {0}.

6 On aresult by Halmos

In this section, we revisit and extend the classical result [15, Theorem 2, p. 46] to the nonlinear case.

Proposition 6.1 Let C be a nonempty closed convex subset of H, and let K be a nonempty closed convex cone in
H. Suppose that there exits a closed convex set D such that Pc + Px = Pp. Then C C K°©.

Proof. Our assumption and Corollary 3.13 guarantee the existence of 7y € R such that (Vx €
H) (Pcx | Pxkx) = . However, because Px0 = 0, we infer that v = 0. Therefore, for every x € C, it
follows from Lemma 2.2(i) that || Pxx||> = (x|Pxx) = (Pcx|Pxx) = v = 0; hence, Pxx = 0, and [5,
Theorem 6.30(i)] thus implies that x = Pgex € K. Consequently, C C K, as claimed. [ ]

The following example shows that the conclusion of Proposition 6.1 is merely a necessary condition
for Pc 4+ Px = Pc. g even when C is a cone.

Example 6.2 Suppose that H = R2 Set u := (1,0) and v := (—1,1). Moreover, set C := R0 and
K := Riu. Then, because (u|v) = —1 < 0, we see that C C K®. Furthermore, C 4+ K is a closed
cone by [5, Proposition 6.8]. Now set x := (1,1) = v+2u € C + K. According to [5, Example 29.31],
Pex + Pgx = (0,0) + (1,0) = (1,0) # x = Pcyxx. Therefore, Pc + Px # Pcyk.

We now extend the classical [15, Theorem 2, p. 46] (in the case of two subspaces) by replacing one
subspace by a general convex set.
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Corollary 6.3 Let C be a nonempty closed convex subset of H, and let V be a closed linear subspace of H. Then
the following are equivalent:

(i) There exists a closed convex set D such that Pc + Py = Pp.

(i) C L V.
Moreover, if (i) and (ii) hold, then D = C + V and Pc + Py = Pc.v.

Proof. “(i)=(ii)”: It follows from Corollary 3.13 that D = C + V and that Pc + Py = Pc;v. Now, by
Proposition 6.1 and [5, Proposition 6.23], we obtain C C V© = VL

“(ii)=-(i)”: Immedjiate from Corollary 3.16. |

However, replacing the subspace V in Corollary 6.3 by cone might not work. The following simple
example shows that the implication “(i)=-(ii)” of Corollary 6.3 may fail even when C and V are cones.

Example 6.4 Consider the setting of Example 5.8. We have seen that P;; + Py = Pry. Yet, U is not
perpendicular to V. In fact, span U = span V = Rw.

Combining Theorem 5.7, Theorem 5.3, and Corollary 6.3, we obtain the following well-known result;
see [15, Theorem 2, p. 46].

Corollary 6.5 Let (V;)ic; be a finite family of closed linear subspaces of H. Then Y ;1 Py, is a projector associated
with a closed linear subspace if and only if, for every (i,j) € I X 1 withi # j, we have V; 1L V.
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