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We propose a novel approach to monotone operator splitting based on the notion of a saddle operator. Under investi-
gation is a highly structured multivariate monotone inclusion problem involving a mix of set-valued, cocoercive, and
Lipschitzian monotone operators, as well as various monotonicity-preserving operations among them. This model
encompasses most formulations found in the literature. A limitation of existing primal-dual algorithms is that they
operate in a product space that is too small to achieve full splitting of our problem in the sense that each operator is
used individually. To circumvent this difficulty, we recast the problem as that of finding a zero of a saddle operator
that acts on a bigger space. This leads to an algorithm of unprecedented flexibility, which achieves full splitting,
exploits the specific attributes of each operator, is asynchronous, and requires to activate only blocks of operators at
each iteration, as opposed to activating all of them. The latter feature is of critical importance in large-scale problems.
The weak convergence of the main algorithm is established, as well as the strong convergence of a variant. Various
applications are discussed, and instantiations of the proposed framework in the context of variational inequalities
and minimization problems are presented.
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1. Introduction In 1979, several methods appeared to solve the basic problem of finding a zero
of the sum of two maximally monotone operators in a real Hilbert space [37, 38, 43]. Over the past
forty years, increasingly complex inclusion problems and solution techniques have been considered
[10, 14, 17, 19, 23, 25, 29, 34, 53] to address concrete problems in fields as diverse as game theory
[2, 15, 56], evolution inclusions [3], traffic equilibrium [3, 31], domain decomposition [4], machine
learning [6, 12], image recovery [7, 11, 16, 33], mean field games [18], convex programming [24, 36],
statistics [26, 55], neural networks [27], signal processing [28], partial differential equations [32], tensor
completion [39], and optimal transport [42]. In our view, two challenging issues in the field of monotone
operator splitting algorithms are the following;:

e A number of independent monotone inclusion models coexist with various assumptions on the
operators and different types of operation among these operators. At the same time, as will be seen
in Section 4, they are not sufficiently general to cover important applications.

e Most algorithms do not allow asynchrony and impose that all the operators be activated at each
iteration. They can therefore not handle efficiently modern large-scale problems. The only methods
that are asynchronous and block-iterative are limited to specific scenarios [25, 29, 34] and they do
not cover inclusion models such as that of [23].

In an attempt to bring together and extend the application scope of the wide variety of unrelated
models that coexist in the literature, we propose the following multivariate formulation which involves
a mix of set-valued, cocoercive, and Lipschitzian monotone operators, as well as various monotonicity-
preserving operations among them.
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ProBLeM 1. Let (H;)ier and (Gi)kek be finite families of real Hilbert spaces with Hilbert direct sums
H = Dic; Hi and G = ek Gk Denote by x = (x;);cs a generic element in H. For every i € I and every
k € K, let s; € H;, let r¢ € Gi, and suppose that the following are satisfied:

[a] Aj: H; — 2™ is maximally monotone, C;: H; — H; is cocoercive with constant af € |0, +oo[,
Q;: H; — H; is monotone and Lipschitzian with constant af €[0,+o0[,and R;: H — H;.

[b] BT": Gy — 29 is maximally monotone, B;: G — Gy is cocoercive with constant ﬁf €10, +oo[, and
BE : Gk — Gk is monotone and Lipschitzian with constant ﬁi € [0, +o0[.

[c] D,:” : G — 2% is maximally monotone, D,f : Gr — Gy is cocoercive with constant 6; €10, +o0[, and
D,f : G — Gy is monotone and Lipschitzian with constant 5£ € [0, +o0[.

[d] Lgi: H; — Gk is linear and bounded.

In addition, it is assumed that

[e] R: H — H: x— (R;x);er is monotone and Lipschitzian with constant y € [0, +oo[.

The objective is to solve the primal problem

find x € H such that (Vl S 1) S: S Aifi + Cifi + Qiyi + RZE

20 (B + B¢ + BY) O (D" + D¢ + Df))
[S

> LX) — Vk)) @

jel
and the associated dual problem

find 7" € G such that (Ix € H)(Vi € I)(Vk € K)
S; - Z L;IE; €eAix;+Cix; + Qixi +R;x
jekK

T, e ((Bg@ + B¢ +B!) 0 (D" + D¢ +D;j))

)
Z ijx]- - T’k) .

jel

Our highly structured model involves three basic monotonicity preserving operations, namely addi-
tion, composition with linear operators, and parallel sum. It extends the state-of-the-art model of [23],
where the simpler form

(Viel) s;€AXi+QiXi+ ), L;i((B;" OD™)
keK

> Lg%~ Vk)) 3)

jel

of the system in (1) was investigated; see also [3, 25] for special cases. In an increasing number of
applications, the sets I and K can be sizable. To handle such large-scale problems, it is critical to
implement block-iterative solution algorithms, in which only subgroups of the operators involved in
the problem need to be activated at each iteration. In addition, it is desirable that the algorithm be
asynchronous in the sense that, at any iteration, it has the ability to incorporate the result of calculations
initiated at earlier iterations. Such methods have been proposed for special cases of Problem 1: first in
[25] for the system

find X € H such that (Vi €I) s; € A;xi + > | Ly | BY*| D Lixj—ri| |, (4)
keK jel
then in [29] for the inclusion (we omit the subscript ‘1)

find X € 7 such that 0 € > L (By*(LkX)), (5)
keK
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and more recently in [34] for the inclusion

find ¥ € H such that 0 € AX+ Q¥ + > | L} (B[ + B)(LiX)). (6)
keK

It is clear that the formulations (4) and (6) are not interdependent. Furthermore, as we shall see in

Section 4, many applications of interest are not covered by either of them. From both a theoretical and a

practical viewpoint, it is therefore important to unify and extend these approaches. To achieve this goal,

we propose to design an algorithm for solving the general Problem 1 which possesses simultaneously

the following features:

@ It has the ability to process all the operators individually and exploit their specific attributes, e.g.,
set-valuedness, cocoercivity, Lipschitz continuity, and linearity.

@ It is block-iterative in the sense that it does not need to activate all the operators at each iteration,
but only a subgroup of them.

® It is asynchronous.

@ Each set-valued monotone operator is scaled by its own, iteration-dependent, parameter.

® It does not require any knowledge of the norms of the linear operators involved in the model.

Let us observe that the method of [25] has features ®-®, but it is restricted to (4). Likewise, the method

of [34] has features ®-®, but it is restricted to (6).

Solving the intricate Problem 1 with the requirement @ does not seem possible with existing tools. The

presence of requirements @—® further complicates this task. In particular, the Kuhn-Tucker approach
initiated in [14] — and further developed in [1, 10, 23, 25, 34, 35] — relies on finding a zero of an operator
acting on the primal-dual space H @& G. However, in the context of Problem 1, this primal-dual space
is too small to achieve full splitting in the sense that each operator is used individually. To circumvent
this difficulty, we propose a novel splitting strategy that consists of recasting the problem as that of
finding a zero of a saddle operator acting on the bigger space H ® G ® G @ G. This is done in Section 2,
where we define the saddle form of Problem 1, study its properties, and propose outer approximation
principles to solve it. In Section 3, the main asynchronous block-iterative algorithm is presented and
we establish its weak convergence under mild conditions on the frequency at which the operators are
selected. We also present a strongly convergent variant. The specializations to variational inequalities
and multivariate minimization are discussed in Section 4, along with several applications. The appendix
contains auxiliary results.
Notation. The notation used in this paper is standard and follows [9], to which one can refer for
background and complements on monotone operators and convex analysis. Let K be a real Hilbert
space. The symbols (- | -) and || - || denote the scalar product of X and the associated norm, respectively.
The expressions x,, — x and x, — x denote, respectively, the weak and the strong convergence of a
sequence (X )nen to x in K, and 2K denotes the family of all subsets of K. Let A: K — 2K The graph
of AisgraA = {(x, X)eKXXK|x e Ax}, the set of zeros of A is zer A = {x ek|0e Ax}, the inverse
of AisA™: K—2K: x> {x el |x"e Ax}, and the resolvent of A is [4 = (Id + A)™!, where Id is the
identity operator on K. Further, A is monotone if

(V(x,x")egraA)(V(y,y") €grad) {(x—y|x"—y*)>0, (7)
and it is maximally monotone if, for every (x, x*) € KX K,
(x,x)egraA & (Y(y,y*)egraA) (x—y|x" —y*) >0. (8)

If A is maximally monotone, then ] is a single-valued operator defined on K. The parallel sum
of B: K — 2" and D: K — 2% is BOD = (B! + D!)"!. An operator C: K — K is cocoercive
with constant a € 10, +oo[ if (Vx € K)(Vy € K) (x—y|Cx—Cy) > a||[Cx — Cy||>. We denote by
I')(K) the class of lower semicontinuous convex functions f: L — ]—o00,+00] such that dom f =



Bui and Combettes: Multivariate Monotone Inclusions in Saddle Form
4 Mathematics of Operations Research 00(0), pp. 000-000, © 0000 INFORMS

{x el | flx)< +oo} # @. Let f € Th(K). The conjugate of f is the function I'((K) 3 f*: x*
sup,cxc({x | x*) = f(x)) and the subdifferential of f is the maximally monotone operator df: K —
2% x> {x e K[ (Vy € K) (y—x | x*) + f(x) < f(y)}. In addition, epi f is the epigraph of f. For every
x € K, the unique minimizer of f + (1/2)||- — x||? is denoted by prox x. We have prox 5= Jog- Given
h € T'y(K), the infimal convolution of f and his fOh: K — [—00,+00] : x = infyeic(f(y) + h(x —v));
the infimal convolution f Oh is exact if the infimum is achieved everywhere, in which case we write
f T h.Now let (K;)er be a finite family of real Hilbert spaces and, for every i € I, let f;: K; — ]—00, +00].

Then
P fi: K=EPKi - 100, +e0] : x> > filx). 9)
iel iel iel
The partial derivative of a differentiable function ®: K — R relative to K; is denoted by V; ©. Finally,
let C be a nonempty convex subset of K. A point x € C belongs to the strong relative interior of C, in
symbols x € sriC, if )e]0,+00[ A(C — x) is a closed vector subspace of K. If C is closed, the projection
operator onto it is denoted by proj- and the normal cone operator of C is the maximally monotone
operator

{x*elC|sup<C—x|x*)<O}, if xeC;

@, otherwise.

NC:IC—>2’C:xI—>{ (10)

2. The saddle form of Problem 1 A classical Lagrangian setting for convex minimization is the
following. Given real Hilbert spaces H and G, f € I')(#H), § € To(G), and a bounded linear operator
L: H — G, consider the primal problem

minimize f(x)+ g(Lx) (11)
XEH
together with its Fenchel-Rockafellar dual [47]
mininglize fr(=L0*) + g"(v"). (12)
v'e

The primal-dual pair (11)—(12) can be analyzed through the lens of Rockafellar’s saddle formalism
[49,50] as follows. Seth: H®G — |—o0, +00] : (x,y) = f(x)+g(y)andU: HSG — G: (x,y)— Lx—y,
and note that U*: G > H @ G: v* +— (L*v*,—0v"). Then, upon defining K = H & G and introducing the
variable z = (x, y) € K, (11) is equivalent to

nimize T 13
S =
and (12) to
minimize h*(-U"v"). (14)
v eG

The Lagrangian associated with (13) is (see [51, Example 4'] or [9, Proposition 19.21])
L:K®G— |00, +00]
(20"} s {h(z) +(Uz|v*), if zedomh; (15)

+00, otherwise,

and the associated saddle operator [49, 50] is the maximally monotone operator
8: K@dG—2K%: (2,0 9L(,v")(z) X d(~L(z,))(v") = (Ih(z) + U'v") x {-Uz}.  (16)

As shown in [49], a zero (Z,7") of 8 is a saddle point of £, and it has the property that Z solves (13)
and 7" solves (14). Thus, going back to the original Fenchel-Rockafellar pair (11)-(12), we learn that, if
(x,Y,7") is a zero of the saddle operator

S:HdGoG—2M%9%: (x,y,v") > (If (x) + L'0*) X (dg(y) —v*) x {~Lx +y}, (17)
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then X solves (11) and " solves (12). As shown in [24, Section 4.5], a suitable splitting of 8 leads to an
implementable algorithm to solve (11)—(12).

A generalization of Fenchel-Rockafellar duality to monotone inclusions was proposed in [44, 46]
and further extended in [23]. Given maximally monotone operators A: H — 2" and B: G — 29, and a
bounded linear operator L: H — G, the primal problem

find X € H such that 0 € Ax + L*(B(LX)) (18)
is paired with the dual problem
find 0° € G such that 0€ —~L(A™'(-L'7")) + B7'7". (19)
Following the same pattern as that described above, let us consider the saddle operator
$: HO®GHG —2M¥9%Y: (x,y,v") > (Ax + L'v*) x (By —v") x {~Lx + y}. (20)

It is readily shown that, if (X,¥,7") is a zero of 8, then X solves (18) and T" solves (19). We call the
problem of finding a zero of 8 the saddle form of (18)—(19). We now introduce a saddle operator for the
general Problem 1.

DeriNtTION 1. In the setting of Problem 1, let X="H & G ® G © G. The saddle operator associated with
Problem 1 is

8: X —2%: (x,y,z,0")—

X (—slf +Aixi + Cixi + Qix; + Rix + | inv;{), X (B™yx +B{yx + BLyx—v}),

i€l keK keK
X (Df"zi + D{ zx + Dfzi — v}), X {rk +Yk+ze— D Lkixi} ), (21)
keK keK i€l
and the saddle form of Problem 1 is to
find x € X such that 0 € 8x. (22)

Next, we establish some properties of the saddle operator as well as connections with Problem 1.

ProrositioN 1. Consider the setting of Problem 1 and Definition 1. Let & be the set of solutions to (1), let
D be the set of solutions to (2), and let

Z= {(E, 5*) EHDG ' (VZ € I)(Vk € K) S; - Z L;ﬁ; €Aix;i+Cix;+Q;x; +R;x and
jekK
S L%~k € (B* + B +BY) 5 + (D" +Df + D;f)‘laz} (23)
jel
be the associated Kuhn-Tucker set. Then the following hold:
(i) 8 is maximally monotone.
(ii) zerS is closed and convex.
(iii) Suppose that X=(X,vy,Z,0") € zer8. Then (X,v')€ZC P X P.
(iv) 7+ 0 © zer8+ 0 S 2+0 = P + 0.
(v) Suppose that one of the following holds:
[a] I is a singleton.
[b] Forevery k € K, (B} + B} + Bi) O(Dy™ + D + D,f) is at most single-valued.
[c] Forevery k € K, (D} + D¢ + D]f)'1 is strictly monotone.
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[d] I C K, the operators (B + By + Bi)D (D + D¢ + D,f))keK\I are at most single-valued, and (Vi €
(Vkel)k+i= Li; =0.
Then P+ =72+ Q.

Proof. Define

A H-—> 2’H2 x> Rx+ Xiel (Al-xl- + Cl-xl- + Ql-xl-)

B: G —29: y = Xkek (BZ”“yk +B§yk + Biyk)

D: G —29: z Xyek (Df"zk + Dfzi + Dl z¢) (24)
L:H—G: x> (Zier LiiXi) e

s*=(s})ier and r = (ri)kek-

Then the adjoint of L is

L*:ga%:v*H(Zinv;{) : (25)
keK i€l

Hence, in view of (21) and (24),
8:X—2%: (x,y,z,0") > (-s"+Ax + L'v") X (By —v*) X (Dz - v") x {r —Lx +y + z}. (26)

(1): Let us introduce the operators
{P: X—2X: (x,y,z,0°)— (-s*+ Ax) X By x Dz X {r} @)

W: X—X: (x,y,z,0°) - (L0, —0v*, 0", -Lx + y + z).

Using Problem 1[a]-[c], we derive from [9, Example 20.31, Corollaries 20.28 and 25.5(i)] that, for every
i €I and every k € K, the operators A; + C; + Q;, B;’L + B; + Bz, and D]:” + D]f + D,f are maximally
monotone. At the same time, Problem 1[e] and [9, Corollary 20.28] entail that R is maximally monotone.
Therefore, it results from (24), [9, Proposition 20.23 and Corollary 25.5(i)], and (27) that P is maximally
monotone. However, since Problem 1[d] and (27) imply that W is linear and bounded with W* = -W,
[9, Example 20.35] asserts that W is maximally monotone. Hence, in view of [9, Corollary 25.5(i)], we
infer from (26)—(27) that 8 = P + W is maximally monotone.

(ii): This follows from (i) and [9, Proposition 23.39].

(iii): Using (24) and (25), we deduce from (23) that

Z={(x,v")eH®G|s"-L'v' €Ax and Lx—r € B'v" + D 'v*} (28)

and from (2) that
72={v"eG|-re-L(A7'(s"-L'v"))+B'v*+D 'v*}. (29)

Suppose that (x,v*) € Z. Then it follows from (28) that x € A™!(s* — L*v*) and, in turn, that —r €
—Lx + B'v* + D™'v* ¢ —L(A"!(s* = L*v*)) + B'v* + D™'v*. Thus v* € Z by (29). In addition, (23)
implies that

(VkeK) v} € ((B*+Bf+BL)O(D;" +Df +DY))

> Lijx;j - rk) (30)

jel
and, therefore, that
(VZ S I) S: €eA;ix;+Cix; + Ql-xl- +Rx+ Z L};il);{
keK
C Aixi + Cixi + Qixi + Rix

+ZL;i(((B;" + B +B)0/(D}" + D +Df))
keK

ZLk]’x]‘—rk)). (31)

jel
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Hence, x € . To summarize, we have shown that Z C & X 9. It remains to show that (X,7") € Z. Since
0 € 8X, we deduce from (26) that s* — L0 € Ax, Lx —r =y +%,0€ By—7",and 0 € Dz -7 . Therefore,
Lx—reB %"+ D7 '7" and (28) thus yields (¥,7") € Z.

(iv): The implication zer 8 # @ = & # @ follows from (iii). Next, we derive from (29) and (28) that

2+0 (30 €G) -re-L(A™'(s"-L'0"))+B 0" +D'v"
© (3@, x)egoH) -re-Lx+B 0 +D 0" and X€ AT\ (s" - L'D")
©(3Exv)eHDG) s"- L' €AX and Lx-r€B'o"+D'%"
©Z+0. (32)

However, (iii) asserts that zer8 # @ = Z # @. Therefore, it remains to show that Z # @ = zer8 # @.
Towards this end, suppose that (x,7") € Z. Then, by (28), s*—~ L'0" € Ax and Lx —r € B™'%" + D™'7".
Hence, 0 € —s* + AX + L*0" and there exists (y,Z) € G ® G such that ¥ € B™'%", Z € D™'7", and
Lx —r =% +z. We thus deduce that 0 e By —7",0€ Dz -7, and r — Lx + i + z = 0. Consequently, (26)
implies that (x,%,z,7") € zer 8.

(v): In view of (iv), it suffices to establish that & # @ = & # @. Suppose that x € &.

[a]: Suppose that I = {1}. We then infer from (1) that there exists 7" € G such that

SI € A1x1+Cixq1 + Qlyl +Rix + Z L};laz
keK (33)
(Vk € K) Ty € ((Bf* + Bf + BY) (D™ + D{ + DY)) (L1 X1 — 1)

Therefore, by (2), 7" € 2.
[b]: Set (Vk € K) Ty, = (B[ + B¢ + BY) (D™ + DY + D)) (S jer LijX; — ri). Then T solves (2).
[c]=][b]: See [23, Section 4].
[d]: Let i € I. It results from our assumption that

5} € A%+ i+ QiF + RiF + Ly (B + Bf + B O(D" + Df + D)) (L%~ )

D Lkxj— rk)). (34)

£ > L;(Z.(((Bkm+Bf+B£)D(D,:’””+D,f+D,f)) >
IS

keK~I

Thus, there exists 7; € G; such that 7; € (B + B¢ + BY) (D™ + D¢ + D!))(L;;X; — r;) and that

S: e Aix; +Cix; + Qifi +R;x+ L:ZET

kekK~I

+ > L;i(((Bkm+Bf+Bi)D(D,:n+D,f+D,f)) >
IS

DL, —rk)). (35)

As a result, upon setting

(Vke K\ I) Ty = ((B"+Bf +B{)O(D;" + D{ + D))

DL, —rk), (36)

jel

we conclude that 7 € 2. [
Remark 1. Some noteworthy observations about Proposition 1 are the following.
(i) The Kuhn-Tucker set (23) extends to Problem 1 the corresponding notion introduced for some
special cases in [1, 14, 25].
(i) In connection with Proposition 1(v), we note that the implication & # @ = Z # @ is implicitly used
in [25, Theorems 13 and 15], where one requires Z # @ but merely assumes & # @. However, this
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implication is not true in general (a similar oversight is found in [1, 45, 52]). Indeed, consider as a
special case of (1), the problem of solving the system

37
0e B](xl +x2)—Bz(X1 _x2) ( )

{o € Bi(x1 +x2) + Balx —x2)
in the Euclidean plane R2. Then, by choosing B; = {0}7! and B, = 1, we obtain & =
{(xl, -x1) | x1 € IR}, whereas Z = @.

(iii) As stated in Proposition 1(iii), any Kuhn-Tucker point is a solution to (1)—(2). In the simpler setting
considered in [25], a splitting algorithm was devised for finding such a point. However, in the more
general context of Problem 1, there does not seem to exist a path from the Kuhn-Tucker formalism in
H & G to an algorithm that is fully split in the sense of ®. This motivates our approach, which seeks
a zero of the saddle operator 8 defined on the bigger space X and, thereby, offers more flexibility.

(iv) Special cases of Problem 1 can be found in [1, 25, 34, 35], where they were solved by algorithms
that proceed by outer approximation of the Kuhn-Tucker set in @ G. In those special cases,
Algorithm 1 below does not reduce to those of [1, 25, 34, 35] since it operates by outer approximation
of the set of zeros of the saddle operator 8§ in the bigger space X.

The following operators will induce a decomposition of the saddle operator that will lead to a splitting
algorithm which complies with our requirements ®O-®.
DeriNtTION 2. In the setting of Definition 1, set

M: X —2X: (x,y,z,0")—
(>< (—s;e +Aix; +Qix; + Rix + Z inv;), >< (B yi + Biyk -vy),

i€l kekK kek
><(D,:”zk+D,fzk—v;),><{rk+yk+zk—2Lkixi}) (38)
keK kekK iel
and
C:X—>X:(x,y,z0)— ((Cixi)id, (BYyk) ek (szk)keK,O). (39)

Prorosition 2. In the setting of Problem 1 and of Definitions 1 and 2, the following hold:
(i) S=M+C.
(i1) M is maximally monotone.
(i) Set & =min{a;, By, Of }iel kek- Then the following hold:
(a) Cis a-cocoercive.
(b) Let (p,p*) € graMand q € X. Then zer§ € {x € X | (x—p | p* + Cq) < (4a)~!|lp—ql|?}.

Proof. (i): Clear from (21), (38), and (39).

(ii): This is a special case of Proposition 1(i), where, for every i € I and every k € K, C; =0 and
By =D¢=0.

(iii)(a): Take x = (x,y,z,v*) and y = (a, b, ¢, w*) in X. By (39) and Problem 1[a]-[c],

(x—y|Cx—-Cy)
= > (xi—a; | Cixi = Ciai) + > (k= bi | Bfyk — B{bi) + (zx — ck | Df zk — Df ci))
iel keK
> ZI“ af||Cix; — Ciayl|* + kZ (B IBE vk — BEbll” + 05 |DS zk — D ek )
i€ ek
>a > |ICix; = Ciall*+ a > (IBfyk — B{bkll* + |Df zi = Df ckll?)
iel keK

=a||Cx - Cy||% (40)
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(iii)(b): Suppose that z € zer 8. We deduce from (i) that —Cz € Mz and from our assumption that p* €
Mp. Hence, (ii) implies that (z—p | p* + Cz) < 0. Thus, we infer from (iii)(a) and the Cauchy-Schwarz
inequality that

<z—pIp*+Cq>:<z—p|p*+sz>—<z—qICz—Cq>+<p—q|Cz—Cq>
< -al/Cz—Cql|*+|lp—qll [[Cz—Cql|

2
=(4a)p-ql*- \(zva)‘lllp—qll —Vallcz-cCql
<(4a)Mp—all?, (41)

which establishes the claim. [J
Next, we solve the saddle form (22) of Problem 1 via successive projections onto the outer approxi-
mations constructed in Proposition 2(iii)(b).

Prorosition 3. Consider the setting of Problem 1 and of Definitions 1 and 2, and suppose that zer8 # @.
Set o = min{af,ﬁf, 6f}i€1,k€1<, let xg € X, let € € 10, 1], and iterate

forn=0,1,...

(P, P}) € graM; q,, €X;

t, =p, +Caq,;

Ap=Xn—py | 8,) — (4a)_1|lpn _qn”2)

if Ay >0 (42)

Ap€le,2—¢];

Xp+1 = Xy — (AnAn/”t:z HZ)t:z;

else

|_xn+1 =Xn-

Then the following hold:
(i) (Vzezer8)(Vn €N) [Ixy41 — 2|l < |Ixy —2]|.
(i) Znen [[Xnt1 _xn“2 < +o00. -
(iii) Suppose that (t),),en is bounded. Then lim A, <O0.
(iv) Suppose that x, —p, — 0, p,, —d,, — 0, and t;, — 0. Then (X, )nen converges weakly to a point in zer S.

Proof. (i)&(ii): Proposition 1(ii) and our assumption ensure that zer 8 is a nonempty closed convex
subset of X. Now, for every n € N, set 17, = (4a)}||p, —q,|I> + (P, | t,) and H,, = {x eX|(x|t,) < r]n}.
On the one hand, according to Proposition 2(iii)(b), (Vn € N) zer8 C H,,. On the other hand, (42) gives
(Vn e N) Ay = (X, | t),) — n,,. Altogether, (42) is an instantiation of (142). The claims thus follow from
Lemma 4(i)&(ii).

(iii): Set y = sup, o ||t ||. For every n € N, if A, > 0, then (42) yields A, = A6 || X1 — X || <
e_ly||xn+1 — X, ||; otherwise, A, <0 = 8_1y||xn+1 — Xy ||. We therefore invoke (ii) to get imA, <
lim 8_1[J”xn+l — X[ =0.

(iv): Let x € X, let (k;;)nen be a strictly increasing sequence in N, and suppose that xx, — x. Then
Pr, = (Pk, — Xk,) + Xk, — X. In addition, (42) and Proposition 2(i) imply that (py, , pzn +Cpy, Jnen lies in
gra(M + C) = gra8. We also note that, since C is (1/a)-Lipschitzian by Proposition 2(iii)(a), (42) yields
i, +Cp, Il = [It, — Ca, + Cp, [l < It | +11Cp, — Ca, Il < [It, [l + I, — G|/ — 0. Altogether, since § s
maximally monotone by Proposition 1(i), [9, Proposition 20.38(ii)] yields X € zer 8. In turn, Lemma 4(iii)
guarantees that (X, ),en converges weakly to a point in zerS. [

The next outer approximation scheme is a variant of the previous one that guarantees strong conver-
gence to a specific zero of the saddle operator.
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ProrositioN 4. Consider the setting of Problem 1 and of Definitions 1 and 2, and suppose that zer 8§ # @.
Define

2: 10, 4+00[ X ]0, +0[ X R x R — R?2
(1,A/T), lf P =0;
(A, 7,6, 040, (A+x)/7), if p#0and xA > p;

(1_XA/P/CA/P), if p#£0and YA <p,
where p=1¢ - x*, (43)

set @ = min{af,ﬁi, 5f}i€1,k€1<, and let xo € X. Iterate

forn=0,1,...

(P, Py) € graM; q, €X;

t, =p, +Cq,;

Ay =X =Py | 8,) — (4a)_1l|pn - qn'lz;

if Ay, >0
T = 16 11% cn =1%o =% [I% X0 = (X0 =X | 1);
(Kn, An) =E(An, Tn, Gy Xn)s
Xp4+1 = (1 - Kn)XO + KnXy — /\nt;)

else

|_xn+1 =Xp.

(44)

Then the following hold:
(i) (V1 €N) (%5 = Xol| < %51 = Xoll < [proj,sxo —Xoll
(i) Xnen [Xns1 =Xy ||* < +oc0. _
(iii) Suppose that (t),)nen is bounded. Then lim A, < 0.
(iv) Suppose that X, —p,, =0, p,, —d,, — 0, and t;, — 0. Then X,, — proj,.sXo.

Proof. Set (Yn €N) 1, = (4a)Y|p, —a, 1>+ (p, | ;) and H,, = {x eX|x|t) < nn}. As seen in the
proof of Proposition 3, zer 8 is a nonempty closed convex subset of X and, for every n € N, zer8§ C H,
and Ay, = (X, | t;,) — 1. This and (43) make (44) an instance of (143).

(1)&(ii): Apply Lemma 5(i)&(ii).

(iii): Set = sup, e |ty [|. Take n € N. Suppose that A, > 0. Then, by construction of H;, proj, X, =
Xy — (A /||t ||?) t;,. This implies that A, = ||t || llprojy, Xn — Xu |l < pllprojy, Xn — Xy ||. Next, suppose that
An <0.Thenx, € H, and therefore A, <0 = p|lprojy X» —Xx [|. Altogether, (Vn € N) A, < pif|projy Xn —
X, ||. Consequently, Lemma 5(ii) yields lim A, < 0.

(iv): Follow the same procedure as in the proof of Proposition 3(iv), invoking Lemma 5(iii) instead of
Lemma 4(iii). U

3. Asynchronous block-iterative outer approximation methods We exploit the saddle form of
Problem 1 described in Definition 1 to obtain splitting algorithms with features ®—®. Let us comment
on the impact of requirements ©-@.

@ For every i € I and every k € K, each single-valued operator C;, Q;, R;, Bf, Bi, D,f, D,f, and Lg;
must be activated individually via a forward step, whereas each of the set-valued operators A;, BZ””,
and D/ must be activated individually via a backward resolvent step.

@ Atiteration 1, only operators indexed by subgroups I, C I and K, C K of indices need to be involved
in the sense that the results of their evaluations are incorporated. This considerably reduces the
computational load compared to standard methods, which require the use of all the operators at
every iteration. Assumption 2 below regulates the frequency at which the indices should be chosen
over time.
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® When an operator is involved at iteration 7, its evaluation can be made at a point based on data
available at an earlier iteration. This makes it possible to initiate a computation at a given iteration
and incorporate its result at a later time. Assumption 3 below controls the lag allowed in the process
of using past data.

@ Assumption 1 below describes the range allowed for the various scaling parameters in terms of the
cocoercivity and Lipschitz constants of the operators.

AssumpTioN 1. In the setting of Problem 1, set & = min{a?, Bis 6f}i€1,k€1<, let 0 €10, +00[ and € €]0,1]
be such that

0>1/(4a) and 1/e>max{al+x+0,pL+0,06! +0} (45)

iel keK’

and suppose that the following are satisfied:

[a] Foreveryie€landeveryn €N, y;, € [e, 1/(af +x+ a)].

[b] Forevery k € K and every n €N, py , € [e, 1/(ﬁi + a)], Vkn € [e, 1/(6i + o)], and ok, € [€,1/¢€].

[c] Foreveryi€l, x;o € H;; forevery k € K, {yk,0, Zk,0, v,*{/o} C Gk.
AssumptioN 2. I and K are finite sets, P € N, (I, )nen are nonempty subsets of I, and (K, )pen are nonempty

subsets of K such that

n+P n+P
Ip=1, Ko=K, and (YneN) | JI;=Iand | JK;=K. (46)
j=n j=n

Assumption 3. I and K are finite sets, T € N, and, for every i € I and every k € K, (11;(n))yen and
(wk(n))nen are sequences in N such that (Vn eN)n =T < mj(n) <mand n - T < wi(n) < n.

Our first algorithm is patterned after the abstract geometric outer approximation principle described
in Proposition 3. As before, bold letters denote product space elements, e.g., X, = (X; n)ic1 € H.

ArcoritiM 1. Consider the setting of Problem 1 and suppose that Assumptions 1-3 are in force. Let
(An)nen be a sequencein [¢€,2 — €] and iterate

forn=0,1,...
for everyi €I,
li,)’l = Qixi,ﬂi(ﬂ) + Rixni(n) + ZkEK Lkivk,ﬂj(n);
Ain = ]yi,n,.<,1)Az- (xi,m(n) +Vimin)(S] — lf,n - Cz‘xi,m(n)));
=1 * .
a;,= yi,n,-(n)(xirnf(”) - ai,n) - li,n + Qiai,n/
_ 2.
éi,n = ”ai,n - xi,m(n)” ;
foreveryiel\ I,
| @in=ain-1; 07, =07, ;i Ein=CEin;
for every k € K,
* % _ t .
W = Pk o) ~ BkVkwi(n)
* % _ t .
Wen = Yk ~ PrZhnny (47)
— * < .
bk,n = ].Uk,wk(n)Bkm (yk/wk(”) + #krmk(n)(uk,n - B} yk/wk(”)))’
dien = ]Vk,mk(n)D;n (Zk,wk(n) + Vk/wk(”)(w;(,n - lezk/wk(”)))"
€} = Okw(m) ( Dier LkiXi,n) = Yi,aonn) = Zhantn) = Tk) + 0
* | * t *
T = Moy Yhwpn) = Okn) + 1t + Bybin —ep
.1 _ * t ot .
tk,n = Vk,mk(n)(zk'mk(n) ) dk,n) + wk,n + Dk dg/n ek,n,
Nin = 10k,n = Yiwmll* + 1dk,n = Zk w1155
| ekn =Tk + bin + din — Zier Liitin;
for every k € K\ K,
bkr” = bk,n—l; dk/” = dk/”_l; elt,n = elt,n—l’. qz,n = qz,n—l; tli,n = tz,n—l;
| k,n = Nk,n—15 €kn = Tk +biu +dgn — Zier Liiin;

Jwi(n)’
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for everyi €l

|_P;,n = a;,n +Riay + Xgex L;cielz,n’.
Ap=—4a) ™ (Zier Ein + Zkek Min) + Dier (Xip — Ain | Pin)

+ Zkek (Yin =k |47, ) + 2k = din [ 1) + e | 0F, —€f )

ifA, >0

On = /\nAn/(ZieI “P;n 12 + Skex (”q;ln 1>+ ”t;’n 1>+ llex,n ”2))/

for everyi €l

|_xz',n+l =Xin— an:,n"

for every k € K
| |_yk,n+l =Ykn — o L],*{,n; Zkn+l = Zkn — O tz,n; v;c,n+l = vz,n -0y Ck,ns
else

for everyi €l

|_ Xin+l = Xin;

for every k € K

| Yine1 = Yini Zkne1 = Zkns Vg yq =0 -

The convergence properties of Algorithm 1 are laid out in the following theorem.

Tueorem 1. Consider the setting of Algorithm 1 and suppose that the dual problem (2) has a solution. Then

the following hold:

(i) Leti€l. Then Xyen ||Xin+1 — Xin ” < +00.

(ii) LEt k € K. Then ¥pen Yk ns1 — ykn”2 < 400, YpeN l|zkne1 — an||2 < 400, and Xyen ”Uk n+l

b lIP < oo,
(iii) LetzelandkeK Then x;pn —a;n — 0, ykn—bkn —0,zky —din —0, and v}, —ek —0.
(iv) There exist a solution X to (1) and a solution 0" to (2) such that, for every i € I and every kekK, xin —xi,
Ajp = Xi, and vy - — 0. In addition, (x,7") is a Kuhn-Tucker point of Problem 1 in the sense of (23).

Proof. We use the notation of Definitions 1 and 2. We first observe that zer8 # @ by virtue of
Proposition 1(iv). Next, let us verify that (47) is a special case of (42). For every i € I, denote by §i(n) the
most recent iteration preceding an iteration 7 at which the results of the evaluations of the operators A;,
Ci, Qi, and R; were incorporated, and by 9;(n) the iteration at which the corresponding calculations
were initiated, i.e.,

Sin)=max{jeN|j<nand iel;} and 9:(n)=m;(9(n)). (48)
Similarly, we define
(VkeK)(YneN) g (n)=max{jeN|j<nand keK;} and gr(n)=wir(ox(n)). (49
By virtue of (47),

(VieD(VneN) apn=a,5., a;,=4a Sin = &5,y (50)

T8y

and likewise

b = b = P d = d — , — _
(Vk e K)(Vn e N) { f'” ko(m)s Gk,n k0, () nk,n_ t?k,@k(n)

% = g, Ten = Tz, b = g
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To proceed further, set

Xy = (X, YyrZn, v})

P, = (an/ bn/ dn/ e;)

(VneN) 1p;, = (), = (Cixi 9,m)ict, @ — (B Yk gp(m)kek sty = (DF Zk gy(n) JkeK s €n) (52)
A, = ((x4,8,0))iet s (Vi gxm) ke (Zk gy (n) ke s (ek,n)kek)

6= g, th en)

For every i € I and every n € N, it follows from (50), (48), (47), and [9, Proposition 23.2(ii)] that

a;, — Cixi,sf(n) = a:,sii(ﬂ) - Cixi,ﬂi(§i(n))
= yi,m(gi(n)) (xi,m(ﬁi(n)) — ai,§i(n)) - li,ﬁi(n) — Cixi,ni(§i(n)) + Qiai,ﬁi(n)
€ =57+ Ailt; 5,00y + Qi 5,0

*

=—s; +Aiain+Qilin (53)
and, therefore, that

p Cxls(n)—[l _szS(n)+Ra”+ZLkzekn

keK
S —s§+Aiai,n +Qiaz’,n +R;a, +ZL;ieli,n' (54)
keK
Analogously, we invoke (51), (49), and (47) to obtain
(Vke K)(Yn eN) g}, = B{Ykputn) € Bf bin + Bibiw — e , (55)
and
(Vk € K)¥n €N) £, = D¢k gy (n) € Dy din + Didin — €, (56)
In addition, (47) states that
(Vk e K)(Vn €N)  exy =ri+bin+din— > Liiftin. (57)
i€l

Hence, using (52) and (38), we deduce that (p,,, P}, )nen lies in graM. Next, it results from (52) and (39)
that (Vn e N) t;, = p;, + Cq,,. Moreover, for every n € N, (47)-(52) entail that

Z gi,n + Z Nk,n

iel keK
= Z Sism an 2:(n)

- Z ||al Sin) ~ Xi ni(§-(n))|| + Z (”bk@k(n) - yk,wk@km»llz + ”dk@k(n) - Zk,wk@k(n))nz)

‘Z”“w o +Z(||bkn ) e ka(n)”)
_”pn qn”2 (58)

and, in turn, that
An =Xy =Py | 1) — (4a) 7 [P, —q, II*. (59)

To sum up, (47) is an instantiation of (42). Therefore, Proposition 3(ii) asserts that

Z [1Xp+1 = X, [|* < +oo0. (60)

neN
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(1)&(ii): These follow from (60) and (52).
(iii)&(iv): Proposition 3(i) implies that (X, )nen is bounded. It therefore results from (52) that

(*n)nen, (Y, neN, (Zn)nen, and (v})nen are bounded. (61)

Hence, (51), (47), (49), and Assumption 1[b] ensure that

iel

(Vk € K) (e,’;,]1 YneN = (Gk,@k(n) ( Z LkiXi op(n) = Yk,01(n) = Zk,00(n) — rk) + U;c,@k(n)) is bounded. (62)

neN

Next, we deduce from (61) and Problem 1[e] that
(Viel) (Rixsi(n))neN is bounded. (63)

In turn, it follows from (47), (61), the fact that (Q;);er and (C;);es are Lipschitzian, and Assumption 1[a]
that

viel (xilsi(n) i =g 0 Cixi'si(n)))neN is bounded. (64)

An inspection of (50), (47), (48), and Lemma 1 reveals that

(Viel) (ain)nen = (];/,.,W)A,- (x4,9,0) + Vi, 0:0m) (5] — l:,ﬁi(n) - Cixi,si(n))))neN isbounded.  (65)
Hence, we infer from (50), (47), (61), and Assumption 1[a] that
(Viel) (a;,)nen is bounded. (66)

Accordingly, by (47), (61), and Assumption 1[b],

(Vk €K) (yk,@km) + tirn (M 5 ) nyk,@kw)) is bounded. (67)

neN

Therefore, (51), (47), (49), and Lemma 1 imply that

(VkeK) (brn)nen = (]#k,@k(n)BZ” (yk,@k(n) + Uk, 01(n) (“Z@k(m - nyk,@k(n))))neN is bounded. (68)
Thus, (51), (47), (61), (62), and Assumption 1[b] yield
(4;,)nen is bounded. (69)

Likewise,
(dy)nen and (t,)nen are bounded. (70)

We deduce from (57), (68), (70), and (65) that

(ey)nen is bounded. (71)
On the other hand, (47), (66), (65), Problem 1[e], and (62) imply that

(P}, )nen is bounded. (72)
Hence, we infer from (52) and (69)—(71) that (t},),en is bounded. Consequently, (59) and Proposition 3(iii)

yield L L
lim ((x; = p, | t,) = (4&) ' [Ip,, — 4, (1) =1lim A, <O0. (73)
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Let L and W be as in (24) and (27). For every n € N, set
(Viel) Ein= Vis, (H)Id Qi
Id- D¢ (74)

(Vk€K) Fin=pu o Id=Bf, Geu=vil
Ev: X—X: (x,y,2,0)— ((Ei,nxi)ieb(Fk,nyk)keK/(Gk,nzk)keK/(Okrlgk(n)vk)keK)

and
X ((xz 3 (n))ielz (Yk,01(n) ke s (Zk,01(n) keK s (UZ’Qk(n))keK)

E.p,, w, =Wp, —Wx,

—Rixy)ier,0,0,0), T,

E, x
= (R
( Zke ki ;{,si(n))ielf(Uk,@k(n))kekf(vk,@k(n))kGK’
(Zier LkiXi,gyn) = Yi,oxn) = Zkr@k(”))keK)'

((R an — Rixsi(ﬂ))iellol 0/ 0)

In view of Problem 1[a]-[c] and Assumption 1[a]&[b], we deduce from Lemma 2 that
the operators (E; ,)ier are (x + 0)-strongly monotone

(Vn eN)
the operators (Fi ,)kex and (Gg,n)kek are o-strongly monotone

and from (74) that there exists k € ]0, +oo[ such that
the operators (E;,)qen are k-Lipschitzian. (77)

It results from (50), (47), (48), and (74) that

(Vie)(¥neN) aj als(n)
-1 ) — — (1 - =
= (V72 o For @i = U msion) = (Vi Gy 300 = 28550

—Rix Yr(Si(n) = Lkivk,ﬂi(gi(”))
=EinXi8;(n) ~ Ein@in — Rix9,(n) — Z Lei%k s,m) (78)
keK

and, therefore, that

(Vie)(VneN) pj, =a;, +Ria,+ D Ly,
kekK
=E;iuXi 9, — Einin+Ridy — Rixg,m) — ZLklka(n)+ZLklekn. (79)

At the same time, (51), (47), (49), and (74) entail that

(Vk € K)(Vn € N) Ten = q;{,@k(n)
_(, -1 ¢
= \H, k@, (n) Ve k@ (n) ~ Bkyk,wk@k(n)))
-1 4 * *
9 wk@k(n))bk@k(n) - Bkbk@k(n)) + Uk,a)k@k(n)) - ek,gk(n)
= FnYiko0m) = Frnbrn + 0 ) ) =€ (80)

and that
GknZk,oi(n) = Glnfkn + V) 5 ) = €

(VkeK)(VneN) t, =
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Further, we derive from (51), (47), and (49) that

(VkeK)(VneN) rp= a,;lgk(n)v,"(,gk(n) - o,;lgk(n)e;’n = Yk,00(n) — Zk,0k(n) T Z LkiXi g (n) (82)

i€l
and, in turn, from (57) that

_ -1 * -1 *
(VkeK)(VneN) ex, = Ok 0k 1) Pk,0x(m) ~ Phou(m)Ckn ~ Yhok(n) ~ Zk,01(n)
+ > LiiXi gy + b + dkn — O Liidipn.  (83)

iel iel

Altogether, it follows from (52), (79)—(81), (83), (74), (75), (27), and (25) that
(YneN) t, =E,x, —E,p,+r,+1I, +Wp,. (84)

Next, in view of (60), (48), (49), and Assumption 2-3, we learn from Lemma 3 that

X9.m)—Xn —0, x —-x,; —0, and v* -0, —0
VieDkek) { 7 aulm) Silm) 7 (85)
You) ~Yn ™ 0, zyp(n)—2n —0, and v@k(n) -v;, —0.
Thus, (75), (27), (25), and (24) yield
I, +Wx, —0, (86)
while Problem 1[e] gives
(Viel) [[Rixg,m) —Rixull < xllxs,) = x|l — 0. (87)
On the other hand, we infer from (77), (75), and (85) that
IEx X, — EnXy || < x|X — Xy || — 0. (88)
Combining (84), (75), and (86)—(88), we obtain
t, — (v, +r, +w;,) =1, + Wx, + E, X, —E,X, +T, — 1}, > 0. (89)
Now set
(VneN) q,=(xn,y,, zn, ) (90)

Then (q,,)nen is bounded by virtue of (61) and (62). On the one hand, (52), (62), (65), (68), and (70) imply
that (p,,)nen is bounded. On the other hand, (52) and (85) give

q,—-49, —0. 91)

Therefore, appealing to the Cauchy-Schwarz inequality, we obtain

|<pn _an |an _qn>| < (SUP ”pm” +sup ”am“)”an _qn” —0 (92)
meN meN
and, by (89),
| =Py 18, = (V) + 1+ W) < (SUP 1% || + sup IIPmII)IItZ — (v, 1, +w,)[| = 0. (93)
meN meN

However, since W* = —W by (27), it results from (75) that (Vn € N) (x, —p,, | w},) = 0. Thus, by (73) and
(91)-(93),

0= m (<xn — Py |t71> - (4a)_l”pn _qn”2)
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= Tim (ke = Py [V} 1+ W)+ (Xa = Py | €, = (V) +1, + W3)) = (40) 7 Ip, =, 1)
:li_m (<xn — Py |V:1 + r:1> - (4a)_l(||pn _qn”2 +2<pn —q, | 9, _qn> + ”qn _qnllz))
=lim ((X, = p, | v}, +13,) = (42) I, — Q1) (94)

On the other hand, we deduce from (75), (52), (74), (76), Assumption 1[b], the Cauchy-Schwarz inequal-
ity, Problem 1[e], and (90) that, for every n € N,

Xy =Py [V, + 1) — (42)lp, — @, |7 ) _
= <xn —Px | Enxn - Enpn> + <xn —Pu | I‘;) - (40()_ ”pn _qn”
= Z <xi,n —Ain | Ei,nxi,n _Ei,nai,n> + Z <yk,n - bk,n | Fk,nyk,n _Fk,nbk,n>

iel keK

+§<an_dkn|Gknzkn_Gkndkn>+zak@k(n)“0kn ep o lI?
€
+{(xn —ay | Ra, — Rx,) — (4a)” l”pn qn”2

> (x +0)llxn = anll* + olly, —bal* + ollzy — dul®
+elloy, — ey 1> = [|xn = anll IRay — Rxy || - (40) 7 [Ip, — @, |I>
> (x + 0)llxn = anll® + olly, —ball* + ollzy — dull®
+el|oy, — ey lI” = xllxn = anll* = (42) " Ip, — 4, 17
= (0= @a) ™) (llxn = anll? + lly,, = bull® + 1125 = dul?) + elloy, — e, 1% (95)

Hence, since ¢ > 1/(4a) by (45), taking the limit superior in (95) and invoking (94) yields
X,—a,—0,y,-b,—0, z,—d, —0, and v;, —e;, =0, (96)
which establishes (iii). In turn, (52) and (77) force
—-p, >0 and |[[E;x, —Eup,|l <xlx, —p,l| =0 97)
and (85) thus yields p,, — q,, — 0. Further, we infer from (75), (96), and Problem 1[e] that
15117 = IRay — Ry ||* < XPll @y — x4 1> — 0. (98)
Altogether, it follows from (75), (89), (97), and (98) that
t, = (t, — (v, + 7, +wW),)) + (ExXn — Exp,,) + W(p,, — X,) +1;, — 0. (99)
Hence, Proposition 3(iv) guarantees that there exists X = (¥,¥,z,7") € zer8 such that x,, — X. This
and (96) imply that, for every i € I and every k € K, x;» = X;, ajn = X;, and v; — U} Finally,
Proposmon 1(iii) asserts that (x,0") lies in the set of Kuhn-Tucker points (23), that ¥ solves (1), and that
T solves (2). [
Some infinite-dimensional applications require strong convergence of the iterates; see, e.g., [3, 4].
This will be guaranteed by the following variant of Algorithm 1, which hinges on the principle outlined
in Proposition 4.

ArcoritaM 2. Consider the setting of Problem 1, define E as in (43), and suppose that Assumption 1-
3 is in force. Iterate
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forn=0,1,...
for everyi €I,
[ n = QiXimy(n) + Ridy(n) + Zkex L0y
B =y (Xm0 + Vi (57 =17, = Cikimy))s
0 =V o Xi i) = @in) =1 + Qi n;
Ei,n = ”ai,n - xi,ni(n)llz;
foreveryiel\ 1,
| @in = ain-1; 07, =a;, ;i Ein=Ein;
for every k € K,
* g% € .
Wen = Pk opn) ~ Bkg/k,wk(n)f
* ¥ _ .
Win = Pk wpn) Dizk,wpny;
— * .
bion = Jug B (Vi wp(n) + M oy (U, — B Yi,wrn));
Ak = Jog DI (Zk () + Viawrm) (W), — D¢ Zk i)
€ w = Okt ( Dier LiiXi,optn) = Ykwin) — Zhontn = Tk) + 05 o o)
— -1 14 .
q;’n = [Jk’wk(n)(yk,a)k(n) - bk,n) + I/l;,n + B]%bk,n - e;’n,
1 )
tlz,n = vk,mk(n)(zk/“’k(”) —din)+ wz,n + Dk dien — e;,n,
Mk = 16k,n = Yo 1>+ 1dk,n = 2k, o 1%
| ekn =Tk + D + din — Zier Liitin;
for every k € K\ K,
bkt” = bk,n—l; dkf” = dk,n—l/' elt,n = elt,n—l; ql*c,n = qz,n—l" tli,n = tli,n—l"
| Tk, = Nk,n—1; €kn =Tk +biu +dgn — Zier Lii@in;
for everyi €I (100)
|_p:,n = a;,n +Rian + 2kex ine;;,n"
Ap= _(405)_1 ( 2liel $in + 2kek Uk,n) + et Xipn — i | P;n>
+ Skek (Yin = in | 97 ) +Zkn = din | 1) + e |05, — €5 )
ifA, >0
T = Sier 19502+ Sk (1195, I+ 1E5 I + llewn ?);
cn = Dier 1Xi0 = xinl?
+ Zkek (I1Yx,0 = Yin
Xn = 2ier {Xi0— Xipn | Pf,,)
+ Zkek (Yo = Vin | G ) + 2k = 2kn |t )+ {ekn | 0% o =03 )
(Kn//\n) = :‘(AH/ Tn/ Cn/ Xn)/
for everyi €l
|_ Xin+l = (1 - Kn)xi,O T KnXin — Anr);n;
for every k € K
Yikn+1 = (1 - Kn)yk,O +KnlYkn — Ay q;’n;
Zkn+l = (1 - Kn)Zk,O +KnZkn — Ant;;/n;
=(1- Kn)U;{,O + K00y~ Anehon;

2+ lzko = 2kl + 105 4~ 07, I12);

| Uz,n+1
else

for everyi €l

|_ Xin+l = Xin;

for every k € K

| Ykn+1 = Yins Zkne1 = Zkns O g = Vi -
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Tueorem 2. Consider the setting of Algorithm 2 and suppose that the dual problem (2) has a solution. Then
the following hold:
(1) Leti€l. Then 3 eN ||xi,n+1 —Xin ||2 < 400,
(i) Let k € K. Then Zyen |ykn+1 — yk,n||2 < 400, YueN IZkn41 — Zk,n||2 < +oo, and YipeN ”UZ,nH -
Uy 1> < +o0.
(iii) Leti€land k € K. Then xj, —ain =0, Yi,n —bkn =0, zk,n — di,n — 0, and Ve n~Cn
(iv) There exist a solution X to (1) and a solution 0" to (2) such that, for every i € I and e%Jery keK, Xin = Xi,
Ajp = Xi, and vy | — 0. In addition, (x,7") is a Kuhn-Tucker point of Problem 1 in the sense of (23).

— 0.

Proof. Proceed as in the proof of Theorem 1 and use Proposition 4 instead of Proposition 3. [

4. Applications In nonlinear analysis and optimization, problems with multiple variables occur
in areas such as game theory [2, 15, 56], evolution inclusions [3], traffic equilibrium [3, 31], domain
decomposition [4], machine learning [6, 12], image recovery [13, 16], infimal-convolution regularization
[23], statistics [26, 55], neural networks [27], and variational inequalities [31]. The numerical methods
used in the above papers are limited to special cases of Problem 1 and they do not perform block
iterations and they operate in synchronous mode. The methods presented in Theorems 1 and 2 pro-
vide a unified treatment of these problems as well as extensions, within a considerably more flexible
algorithmic framework. In this section, we illustrate this in the context of variational inequalities and
multivariate minimization. Below we present only the applications of Theorem 1 as similar applications
of Theorem 2 follow using similar arguments.

4.1. Application to variational inequalities The standard variational inequality problem associ-
ated with a closed convex subset D of a real Hilbert space G and a maximally monotone operator
B:G—Gisto

find i € D such that (Yy € D) (y—y | By) <0. (101)

Classical methods require the ability to project onto D and specific assumptions on B such as cocoer-
civity, Lipschitz continuity, or the ability to compute the resolvent [9, 30, 53]. Let us consider a refined
version of (101) in which B and D are decomposed into basic components, and for which these classical
methods are not applicable.

ProBLEM 2. Let I be a nonempty finite set and let (#;)ic; and G be real Hilbert spaces. For every
i€l,let E; and F; be closed convex subsets of H; such that E; N F; # @ and let L;: H; — G be linear
and bounded. In addition, let B™: G — 29 be at most single-valued and maximally monotone, let
B?: G — G be cocoercive with constant ¢ € ]0, +oo[, and let BY: G — Gbe Lipschitzian with constant
p’f € [0, +0o[. The objective is to

find 7 € > Li(E; N F;) such that (Yy € > L(E;NF)| (y—y |B"y+B°7F+By)<0.  (102)
iel iel

To motivate our analysis, let us consider an illustration of (102).

ExampLe 1. Let I be a nonempty finite set and let (Z;);e; and K be real Hilbert spaces. For every i € I,
let S; C Z; be closed and convex, and let M;: Z; — K be linear and bounded. In addition, let f € T'o(K)
be Gateaux differentiable on domdf, let ¢: K — R be convex and differentiable with a Lipschitzian
gradient, let V) be a real Hilbert space, let g € I'o()) be such that ¢* is Gateaux differentiable on dom dg”,
let D be a closed convex subset of V such that

0 € sri(D —dom g°), (103)

let h € Ty(V) be strongly convex, and let L: K — V be linear and bounded. Note that, by [9, Theo-
rem 18.15], h* is differentiable on V and V" is cocoercive. The objective is to solve the Kuhn-Tucker
problem
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find (x,7") € K@V such that
0 Vf 0 x Vo 0 x 0 L*| |x Nc 0 ||x
R | o S A A 2 P

| — ———— —— —————
monotone cocoercive Lipschitzian normal cone
where it is assumed that
C= Z M;(S;) is closed and 0 € sri(C —dom f). (105)
i€l

Since dom /" =V, we deduce from (103) and [9, Proposition 15.7(i)] that g0 h O op € Io(V). It follows
from standard convex calculus [9] that a solution (X, 7") to (104) provides a solution X to

minxie%lize f(x)+(gOhOop)(Lx)+ @(x), (106)
as well as a solution ?" to the associated Fenchel-Rockafellar dual
migiergize ((f + @) Ooc)(-Lv") + g (0*) + h*(v"). (107)
To see that (104)—(105) is a special case of Problem 2, set G = K @V and
(Viel) Li:H;=Z;®V—>G: (2;,0") > (M;z;,v"/cardI), E;=S; XD, and F;=Z;xV. (108)

Note that
CxD=>"Li(EiNF)). (109)
iel

Further, in view of [9, Proposition 17.31(i)], let us define

\% ,V¢*(vY), if (x,v*)edomdf Xxdomdg*;
Bm:g—>2g:(x,v*)l—>8(f®g*)(x,v*)= ( f(X) g(U )) 1 (x U') om f omaog
, otherwise

B:G—>G: (x,0*) (V(p(x),Vh*(v*))

Bt:G—G: (x,v")— (L*v*, —Lx).

(110)

Then B™ is maximally monotone [9, Theorem 20.25], B“ is cocoercive [9, Corollary 18.17], and Bf isa
skew bounded linear operator, hence monotone and Lipschitzian [9, Example 20.35]. In turn, combining
(108) and (110), we conclude that (104) can be written as

find (¥,7°) € K@V such that (0,0) € B™(x,7) +B°(x,7") + B (X,7") + Nexp (%, 7°) (111)

which, in the light of (109), fits the format of (102). Special cases of (106) involving minimization over
Minkowski sum of sets are found in areas such as signal and image processing [5, 28, 41], location and
network problems [40], as well as robotics and computational mechanics [54].

We are going to reformulate Problem 2 as a realization of Problem 1 and solve it via a block-
iterative method derived from Algorithm 1. In addition, our approach employs the individual projection
operators onto the sets (E;)ic; and (F;)ier, and the resolvents of the operator B"*. We are not aware
of any method which features such flexibility. For instance, consider the special case discussed in
[31, Section 4], where G = RN, B =Bf =0, T: RN — RM is a linear operator, and, for every i € I,
H;=RN,L;=1d, E; = T"1({d;}) for some d; € RM, and F; = [0, +co[". There, the evaluations of all the
projectors (projg.r, )ier are required at every iteration. Note that there are no closed-form expressions
for (projg,r, )ier in general.
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Cororrary 1. Consider the setting of Problem 2. Let ¢ € ]1/(4ﬁ0), +00 [, €€ ]0, min{1,1/(8¢ + o)} [,
and K =TU {k}, where k ¢ I. Suppose that Assumption 2 is in force, together with the following:
[a] Foreveryielandeveryn €N, {yin, tin, Vin} Cle,1/0]and 0;, €[e,1/€].
[b] ForeveryneN, A, €[e,2—¢], e, € [s, 1/(ﬁf + 0)], Via € [e,1/0], and Opn € [e,1/¢].
[c] Forevery i €I, {xi,0,Y10,2i,0, v} o} € Hi; {Yz o Z5 s U%O} cg.
Iterate '

forn=0,1,...
foreveryi€l,
li* = v’f L*v_ ;
)’l
al n —PI'OJE (xz n— Vi, nll n)
=7 n(xl n=in) = 1,71;
El,i’l = ”al,i’l xz,n”z;
foreveryielIN I,
| @i = ain-1; 87, =a; ;i Ein=Ein1;
for every k € K,
ifkel
bk,n = projg, (yrn + pix, 0y n)'
e p =k (Xkn = Y = an)+vk
T = HionWhn —bin) +0p =€
_ek,n_— bk,n Ak ns
ifk=k
U =V = B Wi
b = Jug B (Vi + fin Uy, = BYin));
€, = Ok ( Ziet LiXin = Y = Zkn) + 0 w
qzrn :[J;’ln(yk,n_bk,n)'i'u +B¢ bkn knr
| Ck,n = bk n — 2iel Liflin; (112)

Hon = VienZkon T 05y = €
| Nk,n = ”bk,n ;
for every k € K\ K,
bin = bien-1; € =€y 15 G = vt = Lionors Men = Men-1;
ifkel
|_ek,n = bk,n —Ak,n,
ifk =

|_€k,n = bk,n = el Liai,n/'
fbr everyi€l

p:,n = a;’n + e +L*e_n;

An = _(4ﬁ0)_1 ( Zie[ él,?’l + ZkeK nk,n) + Zie[ <xi,n —Ain | P;n>
+ Zkek (Win = bkn |43 )+ zin [ 1) + e |0}, — ;D)

ifA, >0

O = Auha/ (it 197,12+ Sk (I, I+ 118, 1P+ llex.nll2))s
foreveryiel

|_xz',n+l =Xin— an:,n"
for every k € K

| Yine1 =Y = Ondy 0 Zknat = Zkn = Onty i Oy =0k, = Oneions
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else
foreveryiel
Xin+1 = Xin;
for every k € K
| Y1 = Yhns Zkne1 = Zkns U g = O e

Furthermore, suppose that (102) has a solution and that
(ViEI) NEiﬂFi:NEi+NFi- (113)

Then there exists (X;)ic1 € @ie] Hi such that 3ier LiX; solves (102) and, foreveryi € I, x; , — X;and a; , — X;.

Proof. Set H = @ic; Hi. Let us consider the problem

find ¥ € H such that (Vi €I) 0 € Ng,x; + Nf,x; + L;(B™ + B® + Bf)( Z L]Ej) (114)
jel

together with the associated dual problem

(Viel) =X; —Li0" € Ng,x; and X; € Nf,x;

E*Z(Bm+B0+B€)(Z]'€1 L]x]) (115)

find (x",7") € H®G such that (Jx € H) {

Denote by & and Z the sets of solutions to (114) and (115), respectively. We observe that the primal-dual
problem (114)—(115) is a special case of Problem 1 with

(ViEI) Ai:NEi/ Ci:QiZO, Rl‘:O, and S:ZO, (116)

and

Gk =My, Bl*=Nr,, B{=Bi=0if kel;
_ m _ pm < _ R¢ ¢ _ pt
Gr=g, BM=B"™, B=B°, BL=B

D/ ={0}"!, D{=D{ =0, rx=0

(Vk € K) d, if k=] (117)
(Vjel) Lyj=10, if kel and k#j;
L;, if k=k.
Further, we have
(Vie)(VneN) J,, A, = projg,
projp,, if kel (118)

(VkeK)(Vn eN) ]y, ,pm =0 and ], g = {] o k=
BB 1 =K

Therefore, (112) is a realization of Algorithm 1in the context of (114)—(115). Now define D = X;¢j(E; N F;)
andL: H—G: x> Xy Lix;. Then L*: G — H: y* > (L7y")ier. Hence, by (102), [9, Proposition 16.9],
and (113),

(Vy €G) ¥ solves (102)

_ j=L%

3I%eD
©E%eD) Vvrep) (L - Lx | (B™ + B + BY)(L®)) <0
o@wep) V7

(VxeD) (¥ —x|L*((B™+B°+B’)(L¥))) <0
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_ y=Lx
S (dxeH
B EH) 1 o e NpF + L ((B™ + B + B)(LF))
_ y=Lx
S EdxeH) ) - . —
(VZ € I) 0e NEimpixi + Ll(Bm + B+ Bf)( Zjel L]x])
_ y=Lx
S (dxeH — — _
( ) (VZEI) OeNEixi+Npixi+L;(Bm+BC+Bf)(Z]-€1L]~x]-)
© (3Jxe ) y=Lx. (119)

In turn, & # @ since (102) has a solution. Therefore, in view of (117), Proposition 1(v)[d] yields Z # @.
As a result, Theorem 1(iv) asserts that there exists (X;)iec; € & such that, for every i € I, x; , = X; and
a; , — x;. Finally, using (119), we conclude that X ;e; LiX; solves (102). [

Remark 2. Theorem 1 allows us to tackle other types of variational inequalities. For instance, let
(Hi)ier be a finite family of real Hilbert spaces and set H = @ H;. For every i € I, let ¢; € I'o(H;) and
let R;: H — H,; be such that Problem 1[e] holds. The objective is to

find ¥ € H such that (Vi € I) 0 € dp;(X;) + Rix. (120)

This simple instantiation of Problem 1 shows up in neural networks [27] and in game theory [2, 15].
Thanks to Theorem 1, it can be solved using an asynchronous block-iterative strategy, which is not
possible with current splitting techniques such as those of [25, 34].

4.2. Application to multivariate minimization We consider a composite multivariate minimiza-
tion problem involving various types of convex functions and combinations between them.

ProBLeM 3. Let (H;)ier and (G )kek be finite families of real Hilbert spaces, and set H = @ H; and
G = ®kek Gk Forevery i € I and every k € K, let f; € To(H;), let a; € ]0, +00[, let @;: H; — R be convex
and differentiable with a (1/a;)-Lipschitzian gradient, let gx € I'o(Gx), let hx € T'o(Gx), let i € ]0, +o0],
let Yx: Gr — R be convex and differentiable with a (1/f)-Lipschitzian gradient, and suppose that
Lyi: H; — Gy is linear and bounded. In addition, let x € [0, +co[ and let ®: ‘H — R be convex and
differentiable with a y-Lipschitzian gradient. The objective is to

> Ljx;

jel

migclgn-tize O(x) + > (filxi) + @i(xi)) + D ((gx + i) O hy) . (121)

iel kekK

Special cases of Problem 3 are found in various contexts, e.g., [13, 16, 23, 25, 33, 34]. Formulation (121)
brings together these disparate problems and the following algorithm makes it possible to solve them
in an asynchronous block-iterative fashion in full generality.
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ArcoritaM 3. Consider the setting of Problem 3 and suppose that Assumption 2-3 is in force. Set
a = min{a;, Br}ier kek, let 0 € ]1/(4a), +oo[, and let € € |0, min{1,1/(x + 0)}[. For every i € I, every
k € K, and every n € N, let y; , € [¢,1/(x + 0)], let {tkn, Vin} Clg,1/0], let ok, € [€,1/¢], and let
An € [€,2 - ¢]. In addition, let xo € H and {y,,, zo, vy} C G. Iterate

forn=0,1,...
for everyi €I,

l:,?’l = Vi ®(xn,-(n)) + ZkEK LZZ‘U;(,T(;'(H);

Ain = PrOX),i’ni(n)fi (xi,ni(n) = Vimi(n) (l;n + V(Pi(xi,ni(n))) )/'

a:,n = y;ii(n)(xir”i(”) - air”) - l;,n;

éi,n = ”ai,n - xi,m(n)'lz;
foreveryiel\ 1,
| @i =ain-1; 0], =a;,_; En=CEin1;
for every k € K,

b =ProXy, e (Vkwitn) + thiwrn (05 4, ) = VK Ykar(n));
dkrn = proka’wk(n)hk (Zk/wk(”) + Vkrmk(n)v;(,a)k(n) ’
€ = Ok i) | Ziel LkiXiop(n) = Yiwor(n) = Zh,aogn)) + Uk o)

* — ,,—1 * *
qk’n = ['lkl,wk(n)(yk/“’k(”) - bk,n) + vk,a)k(n) - ek,n’
ben = Vk,wk(n)(zkfwk(”) —din)+ Ok wrn) ~ Ckn
Mo = 10kn = Vi, oo 1? + i = Zk w(m 1%
ekn =bin +din — Zier Lriin;

for every k € K\ K,

bk,n = bk,n—l; dk,n = dk,n—l; elt,n = elt,n—l; L],*m = qzrn_l} tz,n = tli,n—l’. (122)
| k,n = Nk,n—15 €kn = bk +dg,n — Zier Lkiin;
for everyi €l
| pi,=a;, +ViO(an)+ Zkek Ly e; 5
An=—4a) ™ (Zier Ein + Zkek Min ) + Dier (Xip — Ain | Pin)
+ Zkek (Yin =k | a7 )+ zkn = din [ 1) + e |05, — € )
ifA, >0
On = /\nAn/(ZieI ||P;n 12 + ke (”q;’n 1>+ ”t;’n 1>+ llex,n ”2))/
for everyi €l
|_xi,n+l =Xin— an:,n"
for every k € K
|| Yenit = Yon = Ondy 5 Zkner = Zkon = Onty 13 OF 0y = 0%, — Oneion;
else
for everyi €l
|_ Xin+1l = Xin;
for every k € K
| Yine1 = Yini Zkne1 = Zkns Vg yq = O e
Cororrary 2. Consider the setting of Algorithm 3. Suppose that
(Vk €K) epi(gx + k) +epihy is closed (123)
and that Problem 3 admits a Kuhn-Tucker point, that is, there exist x € H and v € G such that
VieDvkek) |- ek Lzﬁ; € dfi(x;) + Y@i@) + Yl O(x) (124)
S jer LijXj € 9(g; O3 ) (0}) + 0l (7).
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Then there exists a solution X to (121) such that, for every i € I, x; , — X; and a; , — X;.

Proof. Set
(VZEI) Ai:afi, Ci:V(Pi/ and RZ‘ZVZ‘@ (125)
(Vk S K) an = agk, Bf = Vl,bk, and Dzn = Qhk.
First, [9, Theorem 20.25] asserts that the operators (A;)icr, (Bkm)keK, and (D,:”)keK are maximally
monotone. Second, it follows from [9, Corollary 18.17] that, for every i € I, C; is a;-cocoercive and, for
every k € K, Bf is B-cocoercive. Third, in view of (125) and [9, Proposition 17.7], R = VO is monotone
and x-Lipschitzian. Now consider the problem

find x € H such that

(Vi€ 0€ AT +CR+RT+ 3 L;a.(((B;n +B7)0D}")
ek

ZijEj)) (126)

jel
together with its dual

find 7° € G such that
— 2 L35 € Aixi + Cixi + Rix
jeK
(Fx e H)(VieI)(Vk €K)
5 € (B +Bg) oDy ) | 3 Ly

jel

) (127)

Denote by & and Z the sets of solutions to (126) and (127), respectively. We observe that, by (125) and
[9, Example 23.3], Algorithm 3 is an application of Algorithm 1 to the primal-dual problem (126)—(127).
Furthermore, it results from (124) and Proposition 1(iv) that Z # @. According to Theorem 1(iv), there
existx € Z and U" € Z such that, for every i € I and every k € K,

-2 L7 € A%+ CXi+ RiX

_ _ jeK
Xip = Xi, @in—X;, and
—* m < m .
5 e ((By + By ODP )| 5 L)

jel

) (128)

It remains to show that x solves (121). Define

f=@ici fi, ¢=DBic1 Pi, § = Drek gk, I = Brex hk, and P = Byex Yk (129)
L: H—G: x> (Zier LriXi) peg-
We deduce from [9, Theorem 15.3] that (Vk € K) (gx + ¢x)* = g; B¢} In turn, (124) implies that
(Vk €K) @ #dom (g;3y;) Ndomhy =dom(gx +1Px)" Ndomhy. (130)

On the other hand, since the sets (epi(gkx + Yx) + epihk)rek are conve, it follows from (123) and [9,
Theorem 3.34] that they are weakly closed. Therefore, [20, Theorem 1] and the Fenchel-Moreau theorem
[9, Theorem 13.37] imply that

(Vk € K) ((gk +r) + h;()* = (gk + gbk)**IZI h;* =(gr + gl}k)IZI hg. (131)
Hence, we derive from (125), [9, Corollaries 16.48(iii) and 16.30], (131), and [9, Proposition 16.42] that

(VkeK) (Bl +B2)OD!™ = (dgi + Vibi) O ()
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= ((@(x + )" + @m)
= (9(gk + I]Dk)* + ah;)_il
= (9((gx+pwy + 1)

=9((gk+ ) + 1)
=9((gx +¢k)mhk§. (132)
Since it results from (129) and (131) that
(g+1p)Dh:(g+¢)Dh=§((gk+gbk)mhk), (133)
we deduce from [9, Proposition 16.9] and (132) that
(g +y)h) =X (g + ) hi) = X ((B" + BY)DD™). (134)

kekK kekK

It thus follows from (128) and (129) that " € d((g + )T h)(LX). On the other hand, since L*: G —
H: 0" > (Zkek L},;03)ier, we infer from (128), (125), (129), and [9, Proposition 16.9] that -L'7v" €
(CiXi)ier + Rx + X1 Aixi = V(X)) + VO(X) + df (x). Hence, we invoke [9, Proposition 16.6(ii)] to
obtain

0€If(F)+Vo(F) +VORF) + L'T
CIf(®)+ V() + VOT) + L*(&((g + IIJ)Dh)(LE))

ca(f+cp+®+((g+1p)mh)oL)(E). (135)
However, thanks to (129) and (133), (121) is equivalent to

miilé%ize f(x)+@x)+0O(x)+ ((g +y)2h)(Lx). (136)

Consequently, in view of Fermat'’s rule [9, Theorem 16.3], (135) implies that x solves (121). [
Remark 3. In [16], multicomponent image recovery problems were approached by applying the
forward-backward and the Douglas—Rachford algorithms in a product space. Using Corollary 2, we
can now solve these problems with asynchronous block-iterative algorithms and more sophisticated
formulations. For instance, the standard total variation loss used in [16] can be replaced by the pth
order Huber total variation penalty of [33], which turns out to involve an infimal convolution.
To conclude, we provide some scenarios in which condition (123) is satisfied.

ProrosiTion 5. Consider the setting of Problem 3. Suppose that there exist X € H and 0" € G such that

= Xjek L;ﬁ; € dfi(xi) + Voi(x;) + V; O(x)

—~ % %\ (o * (TT% (137)
2jer Lijxj € 8(gk O gbk)(vk) +dh (0})

(Vie ) (Vk € K) {

and that, for every k € K, one of the following is satisfied:

[a] O € sri(dom g; +dom Y} —dom h}).

[b] Gk is finite-dimensional, hy is polyhedral, and dom h; Nridom(gk + Yx)* # @.
[c] Gk is finite-dimensional, g and hy are polyhedral, and 1y = 0.

Then, for every k € K, epi(gx + Yx) + epi hy is closed.
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Proof. Let k € K. Since dom ¢y = Gy, [9, Theorem 15.3] yields
(8k + 1) = & LY (138)
Therefore, (137) implies that
@ # dom (g; DY} ) Ndom k] = dom(gk + k)" Ndom . (139)

In view of (139), [20, Theorem 1], and [9, Theorem 3.34], it suffices to show that ((gx + k)" + hp)* =
8k + k)" Bh.

[a]: We deduce from [9, Proposition 12.6(ii)] and (138) that 0 € sri(dom(g; @}) — domhy) =
sri(dom(gk + k)" —dom h} ). In turn, [9, Theorem 15.3] gives ((gx + k) + h})* = (gk + Yi)" O A

[b]: Since [48, Theorem 19.2] asserts that h;{ is polyhedral, we infer from [48, Theorem 20.1] that
((gk+ i) +h) =gk + )" Oy

[c]: Since g; and h;{ are polyhedral by [48, Theorem 19.2], it follows from (139) and [48, Theorem 20.1]
that (g, + 1) =g 0k O

Appendix
In this section, K is a real Hilbert space.

Lemma 1. Let A: K — 2K be maximally monotone, let (x,;)nen be a bounded sequence in IC, and let (¥ )nen
be a bounded sequence in 10, +oo[. Then (], AXn)nen is bounded.

Proof. Fix x € K. Using the triangle inequality, the nonexpansiveness of (], 4)xen, and [9, Proposi-
tion 23.31(iif)], we obtain (Y11 € N) 1], %n — Al < [y — Jya | + [y, ax = Jaxll < [ — x[| +
1=yl lax = x|l < llx |l + sup, e [1xm [l + (1 +supy, e ym)llJax —x[|. O

Lemma 2. Let a € [0, 4o00[, let A: K — K be a-Lipschitzian, let 0 € |0, +oo[, and let y € 10,1/(a + 0)].
Then y~'1d — A is o-strongly monotone.

Proof. By Cauchy-Schwarz,

(Vxe)(VyeK) (x—y|(y'Id-A)x—(y'1d-A)y)
=y x-yl* - (x -y | Ax - Ay)
> (a+0)llx—yl* - llx -yl |Ax - Ay
> (a+0)llx—yl*-allx—yl?
=ollx -yl (140)

which proves the assertion. [

Lemma 3. Let I be a nonempty finite set, let (I,,),en be nonempty subsets of I, let P € N, and let (x,,)en be
a sequence in K. Suppose that Y,en || Xn+1 — Xu||> < +00, Iy =1, and (Yn € N) U;’;f I; = I. Furthermore, let
T €N, letiel, andlet (1;(n))uen be a sequence in N such that (Yn € N)n —T < m;(n) < n. Forevery n €N,
set 9;(n) = max {] eN|j<nandie I]-} and 8;(n) =1;(8;(n)). Then x g,y — x, — 0.

Proof. For every integer n > P, since i € U?:n—P I;, we have n < 9i(n)+P <mi(Si(n)+P+T =
9i(n)+ P +T. Hence 9;(1n) — +oo and therefore 2}9;-(‘;1.)(;1;#
our assumption that (V1 € N) 9;(n) = 7;(8;(n)) < 9;(n) < n. We thus deduce from the triangle and
Cauchy-Schwarz inequalities that

llxj+1 — x;]|* — 0. However, it results from

8i(n)+P+T 2 9;(n)+P+T
lxn —x9,mlP<| D Mxja—xilll SK@+T+1) > lxje— x> —>0. (141)
j=9i(n) j=9i(n)

Consequently, xg,(u) —x, — 0. [
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Lemma 4 ([22]).  Let Z be a nonempty closed convex subset of IC, xo € IC, and ¢ € 10, 1[. Suppose that

forn=0,1,...
£, € KCandn, € Rsatisfy Z € Hy = {x € K | (x | £5) <1 };
Ay = {(xn |t:z>_77n/'
if Ay >0
An€le,2—¢€];
Xn+1 = Xn _(AnAn/”t;;”z) th
else
|_xn+1 =Xn-

(142)

Then the following hold:
(i) (Vze€Z)(Vn eN) ||xn = 2|l < llxn = z]l.

(i) Xnen lXn41 = xul|* < +o0.
(ili) Suppose that, for every x € K and every strictly increasing sequence (ky )pen in N, x, = x = x € Z. Then

(Xn)nen converges weakly to a point in Z.
We now revisit ideas found in [8, 21] in a format that is more suited for our purposes.
Lemma 5. Let Z be a nonempty closed convex subset of K and let xo € K. Suppose that
forn=0,1,...

ty € Kandn, € RsatisfyZ c Hy = {x e K | (x| £}) <nu};
Ap = (xy |t:z>_72n}

ifAy >0
T = 16117 n = 110 = xull% Xn = (X0 = X0 [ £3); Pn = TuCn — Xii
if pn =0
[Kn =1 Ay :An/Tn}
else (143)

if XAy = pn

|_Kn =0, Ay = (An +Xn)/Tn/'

else

[Kn =1 _XnAn/Pn; Ap = CnAn/pn;
| Xn+1 = (1 - KH)XO +KnXn _Ant;}
else
[xn+1 =Xn.

Then the following hold:
(@) (Vr eN) [lx, = x|l < l[x441 = x0ll < |lprojzxo — xoll.
(i) Znen lxns1 — xn||2 <+ooand Yyen ”PrOanxn - xn”2 < +o00.
(iii) Suppose that, for every x € KC and every strictly increasing sequence (ky )pen in N, xi, = x = x € Z. Then

Xy — Projy Xo.
Proof. Define (Vn eN) G, = {x ER | {x—xy | x0—xn) < 0}. Then, by virtue of (143),

(VneN) x, =proj; xo and [An>0 = projy Xu =Xu = (Au/lIE,11%) £, |. (144)

Let us establish that
(VneN) ZcH,NG, and x,41= Projy, nG, Xo- (145)

Since Gy = K, (143) yields Z € Hy = Hy N Go. Hence, we derive from (144) and (143) that Ag > 0 =
[projHoxo = X9 — (A()/T()) ts and Po = 0] = [projHoxo = X9 — (A()/T()) tS’ Ko = 1, and AO = A()/T()] =
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x1=x0— (Ao/T0) ty = Projpy, X0 = PrOjp,ng,X0- On the other hand, Ag <0 = x1 =x¢ € Ho=HoN Go=>
xX1= PrOjHomGOxO' Now assume that, for some integern > 1, Z C H,_1 N G,—1 and x,, = p1rojHHmGH X0.
Then, according to [9, Theorem 3.16], Z C H,,-1 N G—1 C {x eER | {(x—xy|x0—x,) < O} =Gy. Inturn,
(143) entails that Z C H, N G,. Next, it follows from (143), (144), and [9, Proposition 29.5] that A, <0
= [ X441 = X, and proj G, X0 =Xy € Hy = xp1 = Projg, Xo = projy, g, Xo- To complete the induction
argument, it remains to verify that A, > 0 = x,11 = proj H,nG, X0- Assume that A,, > 0 and set

Yn :Proanxn/ %n = (Xo —Xn | Xn _yn>/ Vp = ”xn - yn||2, and ﬁn =GV _;(%- (146)

Since A,, >0, we have H,, = {x e (x=yn|xn—yn) < 0} and v, = x, — O,t,,, where 0,, = A, /7, > 0.
In turn, we infer from (146) and (143) that

Xn=0nXn, Vn= Q%Tn =0,A,, and En = 63;Pn~ (147)

Furthermore, (143) and the Cauchy-Schwarz inequality ensure that p, > 0, which leads to two cases.
e p; =0: On the one hand, (143) asserts that x,+1 = X, — (A, /Tn)t;, = Y». On the other hand, (147)
yields p, = 0 and, therefore, since H, N G, # @, [9, Corollary 29.25(ii)] yields proj H,nG, X0 = Yn-
Altogether, Xy,+1 = projy ¢, Xo-
e p, > 0: By (147), p,, > 0. First, suppose that x, A, = py. It follows from (143) that x,,11 = xo — (A, +
Xn)/Tn) t; and from (147) that X, Vi = 02 xnAn = 02 py = pu. Thus [9, Corollary 29.25(ii)] and (147)
imply that

projH,,mGnXO =Xp+ (1 + %)(yn —Xp)
n

=Xy — (1+ An )Qnt:z

OnTn
_ OnTn + Xn .
=xo— 2L
Tn
_ A?’l+X7’l *
=X0— T— t,
n
= Xpt1- (148)

Now suppose that x,A, < p,. Then x,V, < p, and hence it results from [9, Corollary 29.25(ii)],
(147), and (143) that

. Vu /1~
PIOJg, NG, X0 = Xn + = (Xn (x0=xn) + Gn(yn — xn))
n

=l o+ (1 Lol )xn + O = x)
Pn Pn Pn
— Xnly Xo + (1 _ XnAn)xn _ TnGn ﬁ t;
Pn Pn Pn Tn
= Xpt1- (149)

(i): Let n € N. We derive from (145) that |[x,41 = Xol| = |lprojy, o, X0 — Xoll < [[projzxo — xol|. On the
other hand, since x,,4+1 € G, by virtue of (145), we have

% _xO”2 + %041 —xnllz <lxn _x0||2 + x4 —xn”2 +2(Xp41 = Xy | X5 — X0)
= [|xp41 — xol|*. (150)

(ii): Let N € N. In view of (150) and (i), £ llxms1 = xul® < Zplo(lxns = xoll* = llxn = xoll?) =
1 — Xoll? < llproj Yo — xoll?. Therefore, Siyen [[ns1 — % l2 < -+o0. However, for every 1 € N, since
(145) asserts that x,41 € Hy, we have |[projy xu — Xu || < ||xn+1 — 2 ||. Thus Xpen [[projy, xn — xu 1> <
+00.
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(iii): It results from (i) that (x,)yen is bounded. Now let x € K, let (kj,)nen be a strictly increasing
sequence in N, and suppose that xx, — x. Using [9, Lemma 2.42] and (i), we deduce that ||x — xo|| <
lim ||xk, — xol| < [[proj,xo — xol|. Thus, since it results from our assumption that x € Z, we have x =

proj, xo, which implies that x,, — proj, xo [9, Lemma 2.46]. In turn, since lim Il — xo0l| < |lproj,xo— xol|
by (i), [9, Lemma 2.51(i)] forces x,, — proj,xo. [
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