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Abstract

Beck and Teboulle’s FISTA method for finding a minimizer of the sum of two convex functions, one
of which has a Lipschitz continuous gradient whereas the other may be nonsmooth, is arguably the
most important optimization algorithm of the past decade. While research activity on FISTA has
exploded ever since, the mathematically challenging case when the original optimization problem
has no minimizer has found only limited attention.

In this work, we systematically study FISTA and its variants. We present general results that are
applicable, regardless of the existence of minimizers.

2010 Mathematics Subject Classification: Primary 90C25, 65K05; Secondary 49M27

Keywords: convex function, FISTA, forward-backward method, Nesterov acceleration, proximal gradient algo-
rithm

1 Introduction

We assume that

H is a real Hilbert space 1)
with inner product (- | - ) and associated norm || - ||. We also presuppose throughout the paper that
f:H—=R and g:H — |00, +00] )

satisfy the following:
Assumption 1.1
(A1) f is convex and Fréchet differentiable on #, and V f is B-Lipschitz continuous with g € |0, +-oo];
(A2) gis convex, lower semicontinuous, and proper;
(A3) v €]0,1/p] is a parameter.

One fundamental problem in optimization is to

minimize f + g over H. (©))

For convenience, we set

h:=f+g and T :=Prox,o (Id—7Vf), (4)
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and where we follow standard notation in convex analysis (as employed, e.g., in [8]). Then many algo-
rithms designed for solving (3) employ the forward-backward or proximal gradient operator T in some
fashion. Since the advent of Nesterov’s acceleration [22] (wWhen g = 0) and Beck and Teboulle’s fast prox-
imal gradient method FISTA [11] (see also [9, Chapter 10]), the literature on algorithms for solving (3)
has literally exploded; see, e.g., [22, 11,7, 1, 3, 5, 18, 2] for a selection of key contributions. Indeed, out of
nearly one million mathematical publications that appeared since 2009 and are indexed by Mathematical
Reviews, the 2009-FISTA paper [11] by Beck and Teboulle takes the number two spot! (In passing, we note
that it has been cited more than 6,000 times on Google Scholar where it now receives about 3 new cita-
tions every day!) The overwhelming majority of these papers assume that the problem (3) has a solution
to start with. Complementing and contributing to these analyses, we follow a path less trodden:

The aim of this paper is to study the behaviour of the fast proximal gradient methods (and monotone variants),
in the case when the original problem (3) does not necessarily have a solution.

Before we turn to our main results, let us state the FISTA or fast proximal gradient method:

Algorithm 1.2 (FISTA) Let xo € H, set y1 := xo, and update

forn=1,2,...
Xn = Ty,
T, —1 @)
Yni1 = Xp+ —— (X5 — Xy_1),
Tn+1

where T is defined in (4), N* := {1,2,...}, and (T,),en- is a sequence of real numbers in [1, +o0[.

Note that when 7,, = 1, one obtains the classical (unaccelerated) proximal gradient method. There
are two very popular choices for the sequence (7,),en+ to achieve acceleration. Firstly, given 17 := 1, the
classical FISTA [11, 10, 16, 22] update is

14++/1+472
(Vn € N*) Ty41:= % (6)
The second update has the explicit formula
-1
(Vn e N¥) 1, := n+£, (7)

where p € [2, +0oo[; see, e.g., [3, 5, 15, 27].

Convergence results of the sequence generated by FISTA under a suitable tuning of (7, ),en+ can be
found in [5, 1, 15]. The relaxed case was considered in [7] and error-tolerant versions were considered in
[3, 2]. In addition, for results concerning the rate of convergence of function values, see [11, 10, 27, 26].
The authors of [16] established a variant of FISTA that covers the strongly convex case. An alternative
of the classical proximal gradient algorithm with relaxation and error is presented in [19] (see also [8, 13,
26]). Finally, a new forward-backward splitting scheme (for finding a zero of a sum of two maximally
monotone operators) that includes FISTA as a special case was proposed in [18].

The main difference between our work and existing work is that we focus on the minimizing property of the
sequences generated by FISTA and MFISTA in the general framework, i.e., when the set Argmin(f + g) is possibly
empty. Let us now list our main results:

e Theorem 5.3 establishes the behavior of FISTA in the possibly inconsistent case; moreover, our
assumption on (T, )N+ (see (39)) is very mild.

e Theorem 5.5 concerns FISTA when (7,),en+ behaves similarly to the Beck-Teboulle choice.
e Theorem 5.10 deals with the case when (7,,),en-+ is bounded; see, in particular, (ii)(a) and (v)(b).

e Theorem 6.1 considers MFISTA [10], the monotone version of FISTA, when Assumption 4.1 is in
force and (T,),eN+ is unbounded.



To the best of our knowledge, Theorem 5.3 is new. The proof of Theorem 5.5, which can be viewed as
a “discrete version” of [3, Theorem 2.3], relies on techniques seen in [3, Theorem 2.3] and [1, Proposi-
tion 3]; items (ii)—(vi) are new. A result similar to Theorem 5.5(ii) was mentioned in [6, Theorem 4.1].
However, no proof was given, and the parameter sequence there is a special case of the one considered
in Theorem 5.5. Items (vii)(a) and (vii)(b) is a slight modification of [4, Proposition 4.3]. Concerning The-
orem 5.10, items (i)—(iv) and (v)(b) are new while (v)(a) was proven in [1, Corollary 20(iii)]. Item (i) in the
classical case (7, = 1) relates to [12, Theorem 4.2] where linesearches were employed. In Theorem 6.1,
items (i)—(v) are new. Compared to [10, Theorem 5.1], we allow many possible choices for the parameter
sequence in Theorem 6.1(vi); see, e.g., Examples 4.4-4.6. In addition, by adapting the technique of [1,
Theorem 9], we improve the convergence rate of MFISTA under the condition (110) in Theorem 6.1.

There are also several minor results worth emphasizing: Lemma 2.4 is new. The notion of quasi-Fejér
monotonicity is revisited in Lemma 2.7; however, our error sequence need not be positive. The assump-
tions in Lemma 3.2 and Lemma 3.3 are somewhat minimal, which allow us to establish the minimizing
property of FISTA and MFISTA in the case where there are possibly no minimizers in Sections 5 and 6.
Example 4.5 is new. Proposition 5.12 describes the behaviour of (x, — x,_1)nen+ in the classical prox-
imal gradient (ISTA) case while Corollary 5.15 provides a sufficient condition for strong convergence
of (x)nen+ in this case. The new Proposition 5.14 presents some progress towards the still open ques-
tion regarding the convergence of (x,),eN- generated by classical FISTA. The weak convergence part
in Corollary 5.15 was considered in [4]; however, our new Fejérian approach allows us to obtain strong
convergence when int(Argminh) # @.

Let us now turn to the organization of this paper. Classical results on real sequences and new results
on the Fejér monotonicity are recorded in Section 2. The “one step” behaviour of both FISTA and MFISTA
is carefully examined in Section 3. In Section 4, we investigate properties of the parameter sequence
(Tn)nen+. Our main results on FISTA and MFISTA are presented in Sections 5 and 6 respectively. The
concluding Section 7 contains a discussion of open problems.

A final note on notation is in order. For a sequence (¢,)nen+ and an extended real number { €
[—00, +00], the notation ¢, 1 ¢ means that (¢, ),eN- is increasing (i.e., &, < y41) and &, — {asn — +oo.
Likewise, ¢, | ¢ means that (,)nen+ is decreasing (i.e., {, > ¢y41) and §, — ¢ as n — +o0. For any
other notation not defined, we refer the reader to [8].

2 Auxiliary results

In this section, we collect results on sequences which will make the proofs in later sections more struc-
tured.

Lemma 2.1 Let (T,)nen+ be an increasing sequence in [1, 400 such that lim 7, = +oo. Then

T — 1\ B o\
neZH:\I* (1 - ( Tn+1 ) ) a neZlN* <1 - Tr%+1> s ®

Proof. See Appendix A. [
Lemma 2.2 Let (ay)nen+ and (Bn)nen- be sequences in Ry. Suppose that Y ,cn+-an = —+oo and that
ZTZGN* anﬁn < +Oo. T”leTl ]iimﬁn - 0-

Proof. See Appendix B. n

The novelty of the following result lies in the fact that the error sequence (e, ),en+ need not lie in R .



Lemma 2.3 Let (ay)yen+ be a sequence in R, let (By)neN- be a sequence in R, and let (e,),en+ be a sequence
in R. Suppose that (ay),eN- is bounded below, that

(VTI € N*) Kp41 < Ky — ,Bn + €y, (9)
and that the series ), .+ €n converges in IR. Then the following hold:
(i) (an)nen- is convergent in R.

(i) Lnen: Pn < +oo.
Proof. See Appendix C. u

Lemma 2.4 Let (xy)nen+ be a sequence of real numbers. Consider the following statements:
(i) (nayn)uen- converges in R.
(i) Y,en+ an converges in R.
(i) Y,en+n(an — ayt1) converges in R.

Suppose that two of the statements (i)—(iii) hold. Then the remaining one also holds.
Proof. See Appendix D. [

The following result is stated in [25, Problem 2.6.19]; we provide a proof in Appendix E for complete-
ness.

Lemma 2.5 Let (a,),eN+ be a decreasing sequence in R... Then

Y an <400 & |na, —0asn— foeoand Y n(ay — ayi) <+oo}. (10)
nelN* nelN*

The following variant of Opial’s lemma [23] will be required in the sequel.

Lemma 2.6 Let C be a nonempty subset of H, and let (ity)nen+ and (v,),en+ be sequences in ‘H. Suppose
that u, — v, — 0, that every weak sequential cluster point of (vy)nen-+ lies in C, and that, for every ¢ € C,
([ — c||) nen+ converges. Then there exists w € C such that u, — w and v, — w.

Proof. Forevery ¢ € C, since u, — v, — 0and (||u, — ¢||)en+ converges, we deduce that (||v, — ¢||)nen-
converges. In turn, because every weak sequential cluster point of (v, ),en+ belongs to C, [8, Lemma 2.47]
yields the existence of w € C satisfying v, — w. Therefore, because u, — v, — 0, we conclude that
(n)nen+ and (v,)pen+ converge weakly to w. [ ]

We next revisit the notion of quasi-Fejér monotonicity in the Hilbert spaces setting studied in [17].
This plays a crucial role in our analysis of Proposition 5.14. Nevertheless, to fit our framework of Propo-
sition 5.14, the error sequence (&,),eN+ is not required to be positive in Lemma 2.7. The proof is based
on [17, Proposition 3.3(iii) and Proposition 3.10].

Lemma 2.7 Let C be a nonempty subset of H, let (u,)nen+ be a sequence in H, and let (€,),en- be a sequence
in R. Suppose that
(Ve € C)(Vn € N*)  |lups1 —c||* < |lun —c|* +en, (11)
and that Yy, .+ €n converges in IR. Then the following hold:
(i) Forevery ¢ € C, the sequence (||t — c||)nen- converges in R.

(i) Suppose that intC # @. Then (uy,),eN+ converges strongly in H.



Proof. (i): This is a direct consequence of Lemma 2.3(i).

(ii): We follow along the lines of [17, Proposition 3.10]. Let v € intC and p € ]0,+oo[ be such that
B(v;p) :={x € H| ||x —v|| < p} C C. Define a sequence (v, ),en- in C via

v, if w1 = uy;
(e o { Tt otherwise 12
We now verify that
(Vn € N*) lttsr — 0 < Jfun — 0l* = 2p][ttn+1 — ttul| + & (13)

Fix n € IN*. If u,11 = uy,, then (11) implies that ¢, > 0, and therefore (13) holds. Otherwise, because
vy € C, (11) yields ||ty11 — 0a]|? < ||n — ©u||? + €4. In turn, using (12), we obtain

2
Up41 — Up

2
— | +&4, 14
[ ) " 14

(un —0) +p

and after expanding both sides and simplifying terms, we get (13). Consequently, owing to (13) and the
convergence of Y, .- €, we derive from Lemma 2.3(ii) that Y, cn- 20||#n+1 — un|| < +oco. Hence, by
completeness of H, (1, )N+ converges strongly to a point in H. [

We conclude this section with a simple identity. If x, y, and z are in H, then

lx = ylI? +2(x —y |z = x) = ||lz =y — [|lz — x||*. (15)

3 One-step results

The aim of this section is to present several results on performing just one step of FISTA or MFISTA. This
allows us to present subsequent convergence results more clearly. Recall that Assumption 1.1 is in force
and (see (4)) that

h=f+g and T =Prox,go (Id—yVf). (16)
Clearly,
ran T = ran(Prox,¢ o (Id —yVf)) € domdg C domg = dom /. (17)
Lemma 3.1 (Beck-Teboulle) The following holds:
(V(xy) e HxH) 7 Hy—Tylx—y)+27) " lly = Tyl* < h(x) = h(Ty). (18)
Proof. See Appendix F. [
Lemma 3.2 (one FISTA step) Let (y,x_) € H x H, let T and T, be in [1, +o0], and set
x:=Ty, y+=x+ TT_ L (x —x_), andxy:=Ty,. (19)
+
In addition, let z € dom h, and set
u =t1x—(t—1)x_ —z
uy =1x1— (tp —)x—z,

u o =h(x)—h(z), (20)

py =h(xy) —h(z).
Then the following hold:



() hlxs) + (29) s — xIP < () + (T 12@y) - v [2/22.
(i) T3+ @7) e |? < (T = D+ (27) 7 Hul®
(iii) Suppose that T < T4, that T, (14 — 1) < T2, and that infh > —oo. Then
Ty + (29) Hlue [P < P+ (29) 7wl + 7o (h(z) — infh). (21)
Proof. First, since z € domh, we get from (17)&(19)&(20) that » € R and u4+ € R. Next, because
x4+ = Ty, we derive from (18) (applied to (x,y4)) that
po—py =h(x) —h(xy) =9 Nyp —x [x—ye) + 27) My — x4 |® (22)
(i): We derive from (22), (15), and (19) that
h(x) = h(xi) = 27) 7 (Il =2 2 =y =2 2 = e =y ) + @0 My — 24> (23a)

N 2
~ 29! (Hx—x+||2— (=) ||x—x||2>, 23b)

and thus, since /(x4 ) € R, the conclusion follows.
(ii): Since x4 = Ty, applying (18) to (z,y ) gives
—py =h(z) —h(xy) =9 Ny —xp |2 —y) + 20) Hlys — > I% (24)
Therefore, because T, — 1 > 0 by assumption, it follows from (22) and (24) that

(T =Dy —tops = (1 = D (p — p+) + (=p4) (25a)
> Ny —xi | (v =D (x—y )+ z—y)) + @) g llys —xi | (25b)
=0 Ny —xi (e = Dx —toys +2) + 29) ' lys — x4 |% (25¢)

In turn, on the one hand, multiplying both sides of (25) by 7. > 0, we infer from (15) (applied to
(T4y+, T4x4, (T4 — 1)x + z)) and the very definition of 1 that
Tt = D= Tipe 27 Ty —Txy (e = Dtz —wys) + 27) lw (v —x4) [P (26a)
= 27) (It = Dx+z— x> = [[(tp = Dx + 2 — Ty [?) (26b)
= @) (s P (s = Dx bz — Ty ). (260)
On the other hand, since T,y = x4+ (T — 1) (x — x_) due to (19), the definition of u yields
Ty —(p—Dx—z=tx+(t-1)(x—x)— (. —Dx—z=mx—(T—1Dx_ —z=u. (27)
Altogether, (27) 71 (|lus > — ||u]|*) < T (t+ — 1)u — T2 p+, which implies the desired conclusion.

(iii): Since u = h(x) — h(z) > infh — h(z) > —oo and, by assumption, 72 — 74 — > < 0, we deduce
that (t2 — 4 — 2)u < (12 — 1t — 1) (infh — h(z)) = (> + = — 12)(h(z) — infh). Hence, because
0 < 7 < 74 and h(z) —infh > 0, it follows that (12 — 7 — %) < (2 + 14 — 12)(h(z) — infh) <
T4 (h(z) — inf h). Consequently, (ii) implies that

T+ (27) e P < v (v = Dpe+ (29) 7Hul? (28a)
= U+ Qy) ul? + (7F -t = )p (28b)
< T+ 2) 7 ull? + 7 (h(z) — infh), (28c)

as required. n

The analysis of the following lemma follows the lines of [10, Theorem 5.1].



Lemma 3.3 (one MFISTA step) Let (y,x_) € H x H, let T and T, be in [1, +c0], and set
z =Ty,
L { ifh(x-) < h(z);

z, otherwise,

=X+ l(z—x) +
Y+ = = -

z =Tyq,
{x, ifh(x) < h(zy);
Xy =

zy, otherwise.

(x - x—)/

\
Furthermore, let w € dom h, and define
u =1z—(t—1)x_—w,
uy =1z — (p —x—w,
po=h(x) —h(w),
pe = h(xy) — h(w).
Then the following hold:
(i) h(xs) + (27) izs — 2P < h(x) + (27) 12z — x_|2/72.
(i) t3ps + 27) e P < (T = Dp+ (27) 7 Hul®

Proof. First, since z = Ty, using (18) with (x,y4 ) and (15) with (y4,z4, x) yields

h(x) —h(zy) = h(x) = h(Tyy) =9y —z¢ [x—y) + 29) My —zo |

= (277 (Ilx =z = [lx — g+ [).

(29)

(30)

(31a)
(31b)

(i): On the one hand, by the very definition of x; and (31), h(x) — h(x+) > h(x) —h(z4) >

27) M (llx = z4]l = [|x = y+[1?), and thus,
h(xg) + ) Hlx =z [P < h(x) 4+ (29) 7 Hlx =y |>
On the other hand, due to (29),

T T
y+—x—a(2—x>+ T (x—x)
T—1 .
—(z—x_)+ (x_ —x_), ifh(x_) < h(z);
B T4+ T+
B —1
LA —x herwi
o (z—2z)+ o (z—x_), otherwise
Z(z—x),  ifh(x_) <h(z);
T+
“)t-1 .
(z—x_), otherwise,
. T+

and since T > 1, it follows that
T
ly+ =l < —llz = x|
+

Altogether, (32) and (34) yield the desired result.
(ii): Applying (18) to the pair (w, v+ ) and noticing that zy = Ty, we get

h(w) —h(z4) =9 Nys —zo |w—y4) + 7)) Hys — 24|

7

(32)

(33a)

(33b)

(33¢c)

(34)

(35)



In turn, since 71 > 1, the very definition of x, (31), and (35) imply that

(74 = Dp — typy = (v = 1)(h(x) — h(w)) — 4 (h(x4) — h(w)) (36a)
= (7 = Dh(x) + h(w) — Ty h(xy) (36b)

Z (7 = Dh(x) + h(w) — Th(z4) (36¢)

= (7 = 1) (h(x) = h(z4)) + h(w) — h(zy) (36d)

> 27) ellys =z P s — 2 | (o = D(x =) +w —yy) (36e)

=21 ey =z P+ ys — 2z Jw o+ (T = Dx = Ty, (36f)

Thus, since 74 > 0, it follows from (15) (applied to (T4y4, 742+, w + (T4 — 1)x)) that
T (e —Du—pe = 2y) ' Gllys — 2z P+7 oy — vz Jlw+ (o —Dx—tyy)  (37a)
= 27) (lmezs — (v = Dx — o] = [ty — (ze = Dx —w|?). (37b)

Furthermore, by the definition of y+, wehave T, yy = px+1t(z—x) + (71— 1)(x —x-) = (14 — 1)x +
7z — (T — 1)x_, which asserts that 7.y, — (14 —1)x = 7z — (T — 1)x_. Combining this and (37) entails
that

(e — D —tipy = (27) H(lteze — (tp = Dx—w|* — |tz — (= )x- —wl?), (38)
which completes the proof. u

4 The parameter sequence

A central ingredient of FISTA and MFISTA is the parameter sequence (T,),en+. In this section, we
present various properties of the parameter sequence as well as examples. From this point onwards, we
will assume the following:

Assumption 4.1 We assume that (7,),eN- is a sequence of real numbers such that

14+ +/1+472
2

7 €[1,400[, (VneN") 1,41 € , and Tx = sup T. (39)

keIN*

Tn;

Remark 4.2 A few observations regarding Assumption 4.1 are in order.
(i) Ttis clear from (39) that
(VnelN*) 1, >1. (40)

(ii) Because (Ty)nen- is increasing,

(40)
Ty T To € [1,400]. (41)

(iii) Due to (40) and the assumption that (Vn € IN*) 7,41 < (1 + /14 4T2) /2, it is straightforward to
verify that
(Vn € N*) 12 — Tut1 < T2 (42)

(iv) For every n € IN*, since 7, < Ty11 < (1+ /1 +472)/2 by (39), it follows from (42) and (40) that
T2 — 17 e T _1+V1H4AR  nt VAR 1++5
N 4

~X ~X N
Tl + T Tyl + T 2(ty + 1) 4T,

Tl — Ty = < 0.81. (43)

Lemma 4.3 The following hold:



() lim(t,/n) < /2.

(ii) Using the convention that Jrl—oo = 0, we have

- (o] . - . - 1
1-1/x — 1 \l1an 1<han 1<1——. (44)
141/7%0  To(T+1) ~ 7 Ty Tyl Teo
(iii) Suppose that lim T,, = +oo. Then
-1
lim 2 — 1. (45)
Tn+1

Proof. (i): We claim that (Vn € N*) 1, < 7 (n + /n)/2. The inequality is clear when n = 1. Assume
that, for some integer n > 1, we have 1, < 1y (n + /n)/2. Then, on the one hand, we derive from (39)
that

o ly/ita Tt \/T12+T12(n+\/ﬁ)2 Cm(1+ 1+ (n+ Vn)?)
n+1 XX ) S > == > .
On the other hand, since (n + vn+1)> — (1 + (n+ v/n)?) = 2n(v/n+1— /n) > 0, we obtain
V1+(n+y/n)?2 < n++vn+1. Altogether, 7,41 < Ti(n+1+ vn+1)/2, which concludes the in-
duction argument. Consequently, lim(t,/n) < lim (n + /n)/(2n) = 1 /2.
(ii): First, since (Vn € IN*) (T, —1)/Tuy1 < (Tup1 — 1)/ Tup1 = 1 — 1/ 7,11 by (39), we infer from (41)
that lim(t, — 1) /7,41 < 1 —1/7w. Next, by (42) and (39), we have

(46)

o Ti—1 2 -1 T2 — Ty — 1
(vn € N) Tt T +1) 7 Ta(m+1) (472)
_ Tn+1 — 1 o 1 (47b)
T, +1 Tp1 (T +1)
> -1 1 (47¢)
T+l Ta(t+1)
1-1/7, 1 w7d)

T 141/t Ta(t+1)

and hence, we get from (41) that lim(7, — 1)/Ty41 = (1 = 1/70)/ (1 4+ 1/7T) — 1/ (T (T + 1)), as de-
sired.

(iii): Follows from (ii) and (41). |

Example 4.4 The condition

sup (n/1) < +oo (48)
nelN*
and the quotient
T, — 1
49
Tn+1 ( )

play significant roles in subsequent convergence results. Here are the two popular examples of se-
quences that satisfy Assumption 4.1 as well as (48) already seen in Section 1:

(i) [10,11,16,22]Set 7y := 1, and set (Vn € IN*) T,41 := (1+ /1 + 472) /2. Then, it is straightforward
to verify that (Vn € N*) 72 — 72, + Ty41 = 0 and that (T;)uen- is an increasing sequence in
[1, +00[. Moreover, an inductive argument shows that (Vn € N*) 7, > (n +1)/2, from which we
obtain T, = +00 and sup, .- (7/7,) < 2. This and Lemma 4.3(i) guarantee that lim(z,/n) = 1/2.



Furthermore, it is part of the folklore that

Tn—1:1_3+0<1>; (50)
Tn4+1 n

for completeness, a proof is provided in Appendix G.

(i) [3,5, 15, 27] Let p € [2,+co], and define (VYn € N*) 7, .= (n+ p —1)/p. Then, clearly (7,),eN-
is an increasing sequence in [1, +oo[ with T, = 400 and, for every n € IN*, we have n/7, =
np/(n+p—1)<p,

n+po—1\2 n+o\> n+ —2n+(p—-1)2_ 1
T,%—T3+1+Tn+1:<z ) —( pp> + pP:(p ) p2(P ) ;1, (61)
and

m—1 n-1 1+p 1
= =1-—" — . 2
Tyr1  N+p n +O<n2) 52)

We now turn to examples of the condition

(356 €10,1))(Vn € N*) 17 — T2 < 6Tus, (53)

which is of some interest in Section 5 (see (107)) and Section 6. Further examples of sequences that satisfy
(53) can be found in [1, Section 5].

Example 4.5 Let p € |1, 00| and set

-1
(Vn e N°) juy = T+,f (54)
Then
\ 1++/5
(Y €N) prusn = i S~ u- (55)
If p > (1 + +/5)/2, then the sequence (11, ),en- satisfies (53) with § = (14 1/5)/(2p) €]0,1[.
Proof. Indeed, since (1 + 1/5)/2 > 1, we derive from (54), (42), and (43) that
2 2 20 —1 o 1+/5 -1
(vn e ]N*) ‘ui_'_l _ y% — T?’l—l—] Tn + (F;)z )(Tf’l"rl Ti’l) < Tn+1 + p22 (p ) (56&)
B nat BB -1 1445 560
P2 - 2p .un—i-lz
as claimed. The remaining implication follows readily. ]
Example 4.6 [7] Let (a,d) € ]0,+o00[ x R, set
. _mta—1\4
(Vn € N*) 1, = <T> ) (57)
and suppose that one of the following holds:
(i) d=0.
(i) d €1]0,1] and a > max{1, (2d)/?}.
Aujol and Dossal’s [7, Lemma 3.2] yields
o 1 2d s o 1 2d i
(Vn € N¥) P T 0 and 7, — T g + Tup1 = (ﬁ—aﬁﬂn—ka) > 0. (58)
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Let us add to their analysis by pointing out that if (ii) holds, then (53) holds with § = (2d)/a € ]0,1][.
Indeed, (57) and (58) assert that

. 1 2d 1 2d
(Vn € IN¥) T3+1—T3<Tn+1—<a7 Zd)( +a)? —Tn+1—<a—d 2d>a Tyl = 0Tpi1. (59)

Also, note that if 4 € ]0, 1[, then sup,, .. (1/T,) = 400 (by L'Hopital’s rule) in contrast to Example 4.4.

5 FISTA

In this section, we present three main results on FISTA. We again recall that Assumption 1.1 is in force
and (see (4)) that

h=f+g and T =Prox,o (Id—7Vf). (60)
Algorithm 5.1 (FISTA) Let xg € H, set y; := xo, and update
forn=1,2,...
Xp = Tyn,
Yos1 = Xnt T;;l (0 — xn_1), (61)
where T is as in (60) and (7,),cN- satisfies (39).
We assume for the remainder of this section that
(xn)nen- is a sequence generated by Algorithm 5.1. (62)
We also set
(Y1 € NY) 0y = k) + 5l — x| and sy = T;:. 63)
Note that, by (40) and (39),
(VHEN") O<ay= L™=l (64)

Tn41 Tn
The first two items of the following result are due to Attouch and Cabot; see [1, Proposition 3].

Lemma 5.2 The following holds:
@ (Vn € N*) (27) 711 = o) lxn — Xn1® < o0 = O
(ii) The sequence (0 )nen-+ is decreasing and convergent to a point in [—oco, +oo].
(iii) Suppose that inf,cN+ 0y > —oo. Then the following hold:

(@) Lnen (1= o) [lxn — xp1? < +oo.
(b) Suppose that sup,, . Tn < +00. Then infyen+(1 — a2) > 0and Y- ||

- xn_1H2 < Ho00.

Proof. (i): For every n € IN*, Lemma 3.2(i) (applied to (y,x T,T4) = (yn,xn 1, Tn, Tu+1)) asserts that
Onr1 < h(xn) +a2(29) Yxn — x0 1> = o0 — (1 —a2)(29) 7 Y|xn — x4_1]|%, from which the desired
inequality follows. (ii): A consequence of (i) and (64).

(iii)(a): By (i) and (63),

noq_ “2 n )
(Vn e N*) ), 5 Ellae — x> < Y (0 — Op1) = 01 — 01 < 01 — inf 0 < +oco.  (65)
k=1 <7 k=1 kN

11



Thus, ¥,en: (1 — a2)||x; — x,_1]|* < +00, as claimed.

(iii)(b): Because the function ]0, +oo[ — R: ¢ — ({ —1)/¢ is increasing and (Vn € N*) 0 < 7, <
Tyt < Too, Wwe see that (Vn € N*) ay = (1, — 1) /Ty1 < (T — 1) /T < (To — 1) /7o € [0, 1]; therefore,

2
o1
(Vn € N*) 1—&%21—<TT >>0. (66)

Combining (66) and (iii)(a) yields the conclusion. ]

We are ready for our first main result which establishes a minimizing property of the sequence
(xn)nen+ generated by Algorithm 5.1 in the general setting.

Theorem 5.3 The following holds:
(Ym € N*) inf h(x,) = lim min h(x;) = l1m h(x,) = infh. (67)

nzm n 1<k<n

Proof. Let us first establish that
(Vm € N*) inf h(x,) = infh. (68)

n=m

To do so, we proceed by contradiction: assume that there exists N € IN* such that inf,>n h(x,) > infh.
Then, there exists z € dom h satisfying

—oo < h(z) < inf h(xy,). (69)

n=N
In turn, set (Vn € N*) py, :== h(x,) — h(z) and u,, := T,x, — (T, — 1)x,_1 — z. For every n > N, in the
light of Lemma 3.2(ii) (applied to (v, x—, T, 7+) = (Yn, Xn—1, Tn, Tu+1)), We get
Togapnr1 + (27) Hunia|? Tn+1(Tn+1 = Dt + (27) " lua1? (70a)
= Topn + (20) " ual? = (57 = Tor + Tusr) - (70b)
Furthermore, due to (69),
(Vn > N)  pn =h(x,) —h(z) > 0. (71)
Let us consider the following two possible cases.

(@) To = +o00: By (41), T, — +o0. Next, we derive from (70), (42), and (71) that (Vn > N) t2u, <
2N + (27) " Yun||? or, equivalently, by the very definition of (py)nens,

2
(¥ > N) h(xa) <)+ S+

el L (72)
n
Consequently, since 7, T +0o, taking the limit superior in (72) gives inf,>n h(x,) < limh(x,) < h(z),
which contradicts (69).

(b) Teo < +o00: Set (Vi = N) & == T2pn + (27) | unl|?* and 17, := (17 — 72,4 + Tus1) pin. Then, by (71),
{€n}n>Nn C ]0,+00] and, by (69)&(42), {#x}n=n € Ry. In turn, on the one hand, combining (70) and
Lemma 2.3(ii), we infer that ¥~y (7% — T,fﬂ + Ty1)fn = Lp=Nn < +00. On the other hand, because
(Vn € N*) 12 < (supgepn: T)? < +ooand {7y }uen+ C [1, +00[ by our assumption and (40),

N+p N+p

2
(VpeN*) ) (T2 — T2y + Tug1) = Th — TI%H_p_H + Y Tug1 > T3 — (sup Tn> +p+1, (73)
n=N n=N nelN*
from which we deduce that - (77 — 72 +1 + Ty41) = +o0. Altogether, Lemma 2.2 and (71) guaran-

tee that lim(h(x,) — h(z)) = limu, = 0, ie., imh(x,)

x h( ). Consequently, due to the inequality
inf,,>n h(x,) < limh(x,), it follows from (69) that h(z) < h(z),

which is absurd.
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To summarize, we have reached a contradiction in each case, and therefore (68) holds. Thus, because
ming <<, h(xg) — infyen- h(xm) as 1 — +oo0, we infer from (68) that ming k<, h(xx) — infhasn —
+o0. Finally, (68) guarantees that lim hi(x,) = sup, .- (infisy h(xx)) = sup,y.(infh) = infh, which
completes the proof. [ |

Remark 5.4 In Theorem 5.3, we do not know whether or not (h(x,)),eN+ converges to inf . However,
Theorem 5.5, Theorem 5.10, and Proposition 5.8 suggest a positive answer.

We are now ready for our second main result (Theorem 5.5), which is a discrete version of Attouch
et al.’s [3, Theorem 2.3]. When (7,),eN- is as in Example 4.4(ii) with p = 2, items (ii) and (iv) were
mentioned (without a detailed proof) in [6, Theorem 4.1]. The analysis of Theorem 5.5(iii) was motivated
by Attouch and Cabot’s [1, Proposition 3]. Furthermore, the boundedness of the sequences (x;),eN+ and
(n||xn — xp—1]|)nen+ in the consistent case was first obtained in Attouch et al.’s [4, Proposition 4.3]; here,
we slightly modified the proof of this result to obtain the boundedness of (x,),eN+ in a more general
setting.

Theorem 5.5 Suppose that

infh > —oco and sup (n/7,) < +oo. (74)
nelN*

For every z € domh, set B, == t2(h(x1) — h(z)) + (27) Y|mx1 — (11 — 1)x0 — z||%. Then the following hold:
(i) For every z € dom h, we have

T (h(xn) = h(2)) + (29) " tuxn — (T = Dxu—r — zl|* < Bz + 75 (h(z) — infh) sup (k/7)  (75)
keIN*

and

(¥n € N) h(xn) — h(z) < % 4 (h(z) — infh) sup (k/ 7). 76)
n keIN*

(ii) h(x,) — infh.
(i) (xn)neN- is asymptotically regular, i.e., x, — X,—1 — 0.
(iv) Every weak sequential cluster point of (x,)neN+ belongs to Argmin h.

)
)
)
(v) Suppose that (xy,)neN+ has a bounded subsequence. Then Argminh # &.
(vi) Suppose that Argminh = &. Then ||x,|| — +o0.

)

(vii) Suppose that Argminh # &. Then the following hold:
(a) (Beck-Teboulle [11]) h(x,) — minhk = O(1/n?) as n — +oo; more precisely, for every z €

Argminh,
2
z < (k
(Vn € N*) h(xy) —minh < © (Supkesz( /)" 77)
(b) The sequences (xn)nen+ and (T (Xy — Xp—1))neN+ are bounded.
Proof. Set x := sup,,.n-(1/Ty) € ]0,+00[. Since (Vi € IN*) 7, > n/x, we see that
T, — +oo. (78)
(i): Take z € dom h, and set

(Vn € N*)  py=h(x,) —h(z) and uy, = 1%, — (T, — 1)x_1 — 2. (79)
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Now, for every n € IN*, sinceinfh > —oo, Tn < Tyr1,and 11 (71 — 1) < 12, applying Lemma 3.2(iii) to

(Y, %, T, T4) = (Y Xno1, Tn, Tur) yields T2y pnn + (29) 7w [P < Topn + (29) 7l |12 + T (R(2) —
inf ). Hence, because (T,),en- is increasing and h(z) — infh > 0, an inductive argument gives

n+1

(Ve N*) Ty g ptngr + (20) Hluwa P < ifpn + 27) Hlual? + (k(z) —infh) Y 5 (80a)
k=2

< tipn + (29) Hual? + n741 (h(z) — infh) (80b)

< B: + 151 (h(z) — infh). (80c)

Therefore, since (75) trivially holds when n = 1, we obtain the conclusion. Consequently, (76) readily
follows from (75).

(ii): For every z € domh, taking the limit superior over 7 in (76) and using (78) yields limh(x,) <
h(z) + x(h(z) — infh). Consequently, letting h1(z) | infh, we conclude that lim /(x,) < infh, as desired.

(iii): First, due to (63), (Vn € IN*) 0, > h(x,) > infh > —oo, and thus,

inf g, > —oo. (81)
nelN*

Hence, we conclude via Lemma 5.2(ii) that (0,,),en+ is convergent in R. In turn, on the one hand, (ii)
and (63) imply that

(Hxn — X1 HZ)HE]N* converges in R. (82)

On the other hand, (81) and Lemma 5.2(iii)(a) yield ¥,cn+(1 — a2)|xn — x,-1]|> < +o0, and since
Yuens (1 —a2) = +oo due to Lemma 2.1 and (78), we get from Lemma 2.2 that

lim|[x, — x,—1]* = 0. (83)

Altogether, combining (82) and (83) yields x, — x,—1 — 0, as announced.

(iv): Let x be a weak sequential cluster point of (x,),en+, say x;, — x. Then, since & is convex and
lower semicontinuous, it is weakly sequentially lower semicontinuous by [8, Theorem 9.1]. Hence, (ii)
entails that 7(x) < lim h(xy,) = infh, which ensures that x € Argmin h.

(v): Combine (iv) and [8, Lemma 2.45].
(vi): This is the contrapositive of (v).
(vii)(a): Clear from (i) and (74).
(vii)(b): Fix z € Argmin h. For every n > 2, because h(z) = minh, we derive from (75) that
27)  Yltuxn — (tw — Dxpq — z||* < 2 (h(xy) —minh) + (29) Y| txn — (1w — D1 — z||? < B2, (84)

and now a simple expansion gives

29B: = || tuxn — (Tw — 1)xp—1 — ZHZ (85a)
= ||(xn —2) + (T — 1) (20 — x_1) |2 (85b)
= ||x, — zH2 +2(t — D{xy —z|xp — xp-1) + (T — 1)2Hxn — xn,lﬂz (85¢)
> |lxn — 2| +2(t0 — 1) (0 — 2| %0 — X4_1) (85d)
15
Dl — 27+ (70— 1) (2 — 27 =[xt — 2P + 130 — %01 (85e)
= Tullxn — z[|* = (t0 — D) [|xn1 — zlI* + (T0 — )20 — xp1? (85f)
43
> Tallxn — ZHZ — Tyl xn—1 — ZHZ- (85g)
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In turn,

n

n
(Vi > 2) Tullxen — 2> =l — 2l = Y (wllxe — 2l — Tl — 2[1?) < Y 29B. < 29B.n. (86)
k=2 k=2

Hence, since x = sup, . (1/7y) < +o0and (Vn € N*) 1 < 1, we get
n T
(Vi >2) |l —z[* < 29— + fl\xl —z|]> <29Bax + |11 — 2%, (87)
n n

from which the boundedness of (x;),eN+ follows. Consequently, because (T, (X, — Xp—1) )neNn+ = (TuXn —
(Ta — D)xy—1 — 2)nen+ — (X4—1 — z)nen+ and both sequences on the right-hand side are bounded due to
(84) and (87), we conclude that (7, (x, — x,—1))nen+ is bounded, as announced. [ |

Remark 5.6 By choosing the sequence (7,),en+ as in Example 4.4(i), we shall see in Proposition 5.8
that Theorem 5.5(ii) is still valid even when the assumption that inf# > —co is omitted. Therefore, it
is appealing to conjecture that this assumption can be left out in Theorem 5.5(ii). In stark contrast, it is
crucial to assume that & is bounded from below in Theorem 5.5(iii), as illustrated in Example 5.7.

Example 5.7 Suppose that H = R, that f: H —+ R : x — —x, that ¢ = 0, that v = 1, and that
Ty T Teo = +00. Then, since Prox, = Id and (Vx € H) Vf(x) = —1, we see that (61) turns into

forn=1,2,...
Xn =yn+1,
T, — 1 (88)
Ynsl = Xp+ (Xn — Xp—1).
Tn+1

Hence, (Vn € N*) x401 — 1 = Y41 = xn + (1w — 1) (x4 — X4—1)/ Tu+1, and upon setting (Vn € IN*) z,, ==
X, — X,_1, we obtain

Tn_

1
(Vn e N*) z,;1 =1+ Zn. (89)

Tn+1

Let us establish that z,, — 4-co. First, since y; = xo by Algorithm 5.1, we get from (88) that z; = x; —xp =
x1 —y1 = 1. In turn, by induction and (89), (Vn € IN*) z, > 1. We now suppose to the contrary that
¢ :=limz, € R,. Then, taking the limit inferior over 7 in (89) and using Lemma 4.3 yield¢ =1+1-¢ =
1 + ¢, which is absurd. Therefore, { = 400, and it follows that x,, — x,,_1 = z,;, — +o0.

Proposition 5.8 Suppose that the sequence (T, )nen-+ is as in Example 4.4(i). Then h(x,) — infh € [—oo, +00].

Proof. First, as seen in Example 4.4(i),
(Vn € N*) o — Tut1 = T (90)
Now it is sufficient to show that lim #(x,) < infh. To do so, fix z € domh, and set (Vn € IN*) Hy =

h(x,) —h(z) and uy, = Tyx, — (Ty — 1)x,_1 — 2. Then, according to Lemma 3.2(ii) and (90),

(Vn € N¥) TSHVHH + (27)’1Hun+1Hz < Tt (Tapr — Dpn + (2'7’)71”%”2 = r%]/‘n + (2'7)71"”11”2-
(91)
Thus,

Tattn + (27) "l
T

Tpn+ (29)

(Vn € N*) h(x,) —h(z) = pn < =

< (92)

Hence, because lim 7, = o0, taking the limit superior over n yields limh(x,) < h(z). Consequently,
since z is an arbitrary element of dom /&, we conclude that lim h(x,) < infh, as required. [ |

Remark 5.9 Proposition 5.8 is a special case of the accelerated inexact forward-backward splitting developed
in [28]; see [28, Theorem 4.3 and Remark 3].
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We now turn to our third main result, which concerns the case where the parameter sequence (7, ) yen-
in Assumption 4.1 is bounded.
Theorem 5.10 Suppose that T, < +co. Then the following hold:
(i) limo, =limh(x,) = infh € [—oo, +oo].
(ii) Assume that infh > —oo. Then the following hold:
(@) Lnen|

(b) Every weak sequential cluster point of (x,)nen+ lies in Argmin h.

Xp — Xn_1|]* < +o0.

(iii) Assume that (x,)nen+ has a bounded subsequence. Then Argminh # @.
(iv) Assume that Argminh = &. Then ||x,|| — +oo.
(v) Assume that Argminh # &. Then the following hold:

(a) (Attouch—-Cabot [1]) h(x,) — mink = o(1/n) as n — +oo.
(b) Cpen llxn — x4-1]]? < +o00. As a consequence, ||x, — x,_1]| = o(1/+y/n) as n — +oo.

Proof. (i): Since, by (63), (Vn € N*) infh < h(x,) < 0, and, by Lemma 5.2(ii), (0, )nen+ converges to a
point o € [—oco, 40|, it is enough to verify that ¢ = lim 0;, = inf h. Assume to the contrary that

—oo < infh < 0. (93)

It then follows that inf,cn+ 05, > —o0, and Lemma 5.2(iii)(b) thus yields | x, — x,,_1||> — 0, from which
and (63) we deduce that h(x,) — ¢. This and Theorem 5.3 imply that ¢ = infh. This and (93) yield a
contradiction.

(ii)(a): Our assumption ensures that inf,cn+ 0, > —o0, and therefore, thanks to the boundedness of
(Tu)nen+, Lemma 5.2(iii)(b) yields Y,,cpne || X0 — X512 < +c0.
(ii)(b)&(iii)&(iv): Similar to Theorem 5.5(iv)&(v)&(vi), respectively.
(v): Fix z € Argminh, and set (Vn € IN*) p, = h(x,) —h(z) = h(x,) —minh > Oand u, =
TuXy — (Tn — 1)x4—1 — z. By (41), we have
Ty 1 Too, (94)

which implies that 2 — T,f 11 T Tut1 = Teo- Therefore, because 7o € 10, +00], there exists N € IN* such
that

. Too
nlg{[("fg — Tyt Tag1) = o (95)

Next, for every n > N, using Lemma 3.2(ii) with (v, x_, T, 7+) = (Yn, Xn—1, Tn, Tu+1), We get T;itll’lﬂ-i-l +
27) M ||* < tpn + (29) " Hlun|* — (77 — T13+1 + Tut1) in- Hence, because {7y + (2) 7 |unl* bizn
R4 and, by (42), {(73 — 24 + Tus1)in}n=Nn € Ry, Lemma 2.3(ii) and (95) give (Teo/2) Ly fin <
YN (TE — T2 1+ Tus1)Hn < +oo. This, (ii)(a), and (63) ensure that

Y (ow—minh) = Y (pn+ (27) 2 — x0-1]?) < +o0. (96)
nelN* nelN*

Furthermore, Lemma 5.2(ii) and (i) yield
0, —minh | 0. 97)
(v)(a): Appealing to (96) and (97), Lemma 2.5 guarantees that 11(c;, — min k) — 0. Consequently, since

(Vn € N*) 0, —minh = (h(x,) —minh) + (2) ||xy — x,_1]|> = h(x,) —mink > 0, the conclusion
follows.
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(v)(b): Thanks to (96) and (97), we derive from Lemma 2.5 that

Y n(on—0ug1) = Y n[(0y —minh) — (0,41 —minh)] < 40, (98)
neN* nelN*

and hence, by Lemma 5.2(i), ¥_,,en- 71(1 — a2) ||xy — x,,_1]|*> < +00. Thus, because inf,en+ (1 —a2) > 0due
to the boundedness of (T,),en+ and Lemma 5.2(iii)(b), we conclude that ¥_,cp- 72| %0 — x5 1> < +o0.
This gives n||x, — x,_1]|> = 0, i.e., |xy, — x,_1]| = 0(1/+/n) as n — +o0, as desired. [
Remark 5.11

(i) Inthe case of the classical forward-backward algorithm (without the extrapolation step) with line-
searches, results similar to Theorem 5.10(i)&(iv) were established in [12, Theorem 4.2] by Bello Cruz
and Nghia. To the best of our knowledge, Theorem 5.10(i) is new in the setting of Algorithm 5.1.

(ii) Theorem 5.10(v)(a) was obtained by Attouch and Cabot [1, Corollary 20(iii)]. Here we provide a
proof based on the technique developed in [1] to be self-contained.

(iii) The summabilities established in Theorem 5.10(ii)(a)&(v)(b) are new. Nevertheless, in the case of
the forward-backward algorithm, i.e., when 7, = 1, Theorem 5.10(v)(b) appears implicitly in the
Beck and Teboulle’s proof of [11, Theorem 3.1].

In the case of the classical forward-backward algorithm, by applying [14, Corollary 1.5] to the
forward-backward operator Prox.,, o (Id — 7V f), we obtain further information on the sequence (x; ) ,eN-
as follows.

Proposition 5.12 Suppose that (Vn € N*) 1, = 1, and set''? v := Ponia=n 0 Then x, — x,,—1 — 0.

Proof. By assumption, Algorithm 5.1 becomes (Vi € IN*) x, = T"xg. Next, we learn from [21, Propo-
sition 3.2 and Corollary 4.2] that T is averaged, i.e., there exists « € ]0,1[ and a nonexpansive operator
R:H — H suchthat T = (1 — «)Id +aR. Hence, we conclude via [14, Proposition 1.3 and Corollary 1.5]
that x,, — x,_1 = T"xo — T" 1xy — v. For an alternative proof of [14, Corollary 1.2] in the Hilbert space
setting, see [21, Proposition 2.1]. [ |
Remark 5.13 Some comments are in order.

(i) In stark contrast to Proposition 5.12 and Theorem 5.10, if T, = +co, then it may happen that
||xn — x4—1]] = 400 (see Example 5.7).

(ii) For a recent study on the forward-backward operator T, we refer the reader to [21].

Proposition 5.14 Suppose that Argminh # @, that (t2(h(x,) — minh)),cN+ converges in R, and that
Ty || X0 — Xn—1|| = 0. Then the following hold:

(i) h(xp) = minh.
(ii) The sequence (xn)neN+ converges weakly to a point in Argmin h.

(iii) Suppose that int(Argminh) # &. Then (x,)neN+ converges strongly to a point in Argmin h.

Proof. Set
(Vn € N*)  zy = Tuxy — (Tw — 1)x,_1 and &, == 27 (17 (h(xy) — minh) — 75 1 (h(xy11) — minh)). (99)

Since, by (40) and (99), (Vn € IN*) ||z — xu|| = (T — 1) ||xn — xp—1]| < Tul|xn — x,—1|| and since, by our
assumption, T, ||x, — x,_1| — 0, we see that

Zn — xXn — 0. (100)

For a nonempty set C, Pc denotes the projector associated with C.
2The set ran(Id —T) is closed and convex by [21, Corollary 4.2] and [24, Lemma 4].
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Next, due to our assumption and

(Vn € N*) i e = 2 i [ (h(x¢) — minh) — 2,1 (h(xg1) — minh)] (101a)
k=1 k=1
=29 (tf(h(x1) —minh) — 77,1 (h(x4s1) — minh)), (101b)
we see that
2 ey is convergent in R. (102)
nelN*
Let us now establish that
(Vz € Argminh)(Vn € N*)  ||zp1 — z||? < ||zn — z||* + €0 (103)

Fix z € Argminh and n € IN*. Applying Lemma 3.2(ii) to (y,x—, T, T4) = (Yn, Xn—1, Tn, Tu+1) and invok-
ing (42) yields

Ty 1 (h(xug1) —minh) + (29) 7 H|zug1 — 2l < Topa (Tagr = 1) (A(x) — mink) +(29) 7z, — 22
>0
(104a)
< 7 (h(x) = mink) + (29) 7 |zn — 2|2, (104b)

from which and (99) we obtain (103).

(i): Since, by assumption, (72 (h(x,) —minh)),cn+ converges and since, by (41), (1/72),en+ converges

in IR, it follows that (h(x,) — minh),cN- is convergent in R. Therefore, due to Theorem 5.3, h(x,) —
minh — 0.

(ii): In the light of (i), arguing similarly to the proof of Theorem 5.5(iv), we conclude that
every weak sequential cluster point of (x,),en+ belongs to Argmin h. (105)
In turn, appealing to (102) and (103), Lemma 2.7(i) implies that
(Vz € Argminh) (||zn — z||)nen- is convergent in R. (106)

Thus, combining (100)&(105)&(106), we get via Lemma 2.6 that (x,,),en+ converges weakly to a point in
Argmin h.

(iii): Since int(Argminh) # &, owing to Lemma 2.7(ii), we derive from (102) and (103) that there
exists z € H such that z, — z. Hence, by (100), x, — z, and (ii) implies that z € Argmin /. To sum up,
(xn)nen+ converges strongly to a minimizer of h. |

Corollary 5.15 Suppose that Argminh # & and that sup, .. T < +00. Then (x,)neN+ converges weakly to
a point in Argmin h. Moreover, if int(Argmin h) # &, then the convergence is strong.

Proof. By Theorem 5.10(v), we see that /i(x,) —min/ — 0 and ||x, — x,_1|| — 0, and since sup, .- Tu <
+00, it follows that T2 (k(x,) — minh) — 0 and 7, ||x, — x,_1]| — 0. The conclusion thus follows from
Proposition 5.14. ]

Remark 5.16 Consider the setting of Corollary 5.15. Although the weak convergence of the sequence
(Xn)nen+ has been shown in [1, Corollary 20(iv)], our Fejér-based proof here is new and may suggest
other approaches to tackle the convergence of (x,),en+ in the setting Theorem 5.5(vii).

We conclude this section with an instance where the assumption of Proposition 5.14 holds.

Example 5.17 Suppose, in addition to Assumption 4.1, that there exists 6 € ]0,1] such that
(Vn e N*) 1o — T2 < 6T (107)
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(see Examples 4.5 and 4.6). Then Attouch and Cabot’s [1, Theorem 9] yields 72 (h(x,) — mink) — 0 and
T l|xn — x4-1]] = 0.

6 MFISTA

In this section, we discuss the minimizing property of the sequence generated by MFISTA. The mono-
tonicity of function values allows us to overcome the issue stated in Remark 5.4. Compared to Beck and
Teboulle’s [10, Theorem 5.1] (see also [9, Theorem 10.40]), we allow other possibilities for the choice of
(Tw)nen+ in Theorem 6.1(vi). Furthermore, we provide in item (vii), which was motivated by [1, Theo-
rem 9], a better rate of convergence.

Theorem 6.1 In addition to Assumption 4.1, suppose that To, = +00. Let xg € H, set y1 = xo, and update

forn=1,2,...
Zn = Ty,
X — Xn—1, ifh(xnfl) < h(zn);
T )z, otherwise, (108)
T T,
Yn+1l = Xn + = <Zn - xn) + = (xn - xnfl)z
L Tn+1 Tn+1
where T is as in (16). Furthermore, set
. 1
(Vn € N*) oy, :=h(x,) + EHZH — x, 1] (109)

Then the following hold:
(i) (h(xn))nen- is decreasing and h(x,) | infh.
(i) (on)nen- is decreasing and o, | infh.
(iif) Suppose that infh > —oo. Then z, — x,_1 — 0 and x, — x,—1 — 0.

(iv) Suppose that (x,)nen+ has a bounded subsequence. Then Argminh # &.

)
(v) Suppose that Argminh = &. Then ||x,| — +oo.

(vi) Suppose that Argminh # @. Then h(x,) —minh = O(1/72) as n — +oo.
(vii) Suppose that Argminh # @ and that there exists 6 € ]0,1[ such that

(Vn € N*) 12 — T2 < 6Tut1. (110)
Then
h(x —minh:0<> asn — +oo 111
( 71) Z£:1 Tk ( )
and
) 1
h(x,) —minh = 0<T2> asn — +oo. (112)
n
Proof. (i): By (108), the sequence (h(x,))sen- is decreasing, from which we have h(x,) | infrens B (xk).
Therefore, it suffices to prove that inf,en+h(x,) = infh. To this end, assume to the contrary that
inf,ens h(x,) > infh. This yields the existence of a point w € dom h such that
nlerl}\fl* h(xy) > h(w). (113)
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Set
(Vn e N*)  py =h(x,) —h(w) and u, = Tyzp — (Tn — 1)x—1 — w. (114)
In turn, for every n € IN*, because, by (42), T,11(T,+1 — 1) < T2 and, by (113), u, > 0, it follows from
Lemma 3.3(ii) (applied to (y, x—, T, T4) = (Yn, Xn—1, Tn, Tut1)) that
Tostfnt + (29) 7| < Toea (T = Vg + (29) 7 |1 < g + (27) 7l |- (115)
Hence,

(¥n € N) (o) — h(®) = jin < — (P + @ uall®) < o (g + @9P2al?). (116

n
Consequently, since hi(x,,) | infyens h(x;) and 7, — +00, we derive from (116) that inf,en- 1(x,) < h(w),
which contradicts (113).
(ii): Let us first show that (0, ),en+ is decreasing. Towards this end, for every n € IN¥, we deduce
from Lemma 3.3(i) that 05,11 = h(xpq1) + (27) | zne1 — xall? < h(xa) + (27) 12|20 — X0 |2/ T2 =
— (27)7*(1 = 2/ t21)|lzn — xn—1]|* Therefore,

TZ

N 1
(¥n € N*) 27(1 )Hzn Xoot]? < 0 — O, (117)

Toit
and because (Vn € IN*) 0 < 7,/ 7,41 < 1, we conclude that

(0% )nen- is decreasing. (118)
It remains to show that ¢, — infh. Set 0 := inf,cN+ 05,. Due to (118),
ondo (119)

and it therefore suffices to prove that ¢ = inf /. Let us argue by contradiction: assume that o > infh >
—oo. By (117),

i 1 2 T2 n
(Vn € N¥) 272<1—T2'(>sz—xk1’| Z Ok — Ok41) = 01 — Opy1 < 01 — 0 < +0o,  (120)

k=1 k+1 =
which implies that ¥, cn: (1 — 72 /72, ) |zn — x4—1]|> < +oo. Thus, since ¥,cn- (1 — 72/T2,4) = +o0
by Lemma 2.1, Lemma 2.2 guarantees that lim||z, — x,,_1||> = 0, i.e., lim||z, — x,_1]| = 0. In turn, let

(kn)nen-+ be a strictly increasing sequence in IN* such that ||z, — xx, 1| — lim||z, — x,,_1]| = 0. It follows
from (i) and (119) that ¢ + oy, = h(xt,) + (27) Y|z, — xx,-1/|> — infh + 0 = infh. Consequently,
o = inf h, which violates the assumption that o > inf h. To summarize, we have shown that o, | inf 1.

(iii): Since inf 1 > —oo, combining (i), (ii), and (109) gives z, — x,—1 — 0. To show that x,, —x,_1 — 0,
we infer from (108) that, for every n € IN*, x, — x,_1 = x,_1 — x,—1 = 0if h(x,—1) < h(z,), and
Xy — Xp—1 = zZy — X1 otherwise; therefore, (Vn € IN*) ||x, — xy—1|| < ||zn — x4-1]]- Consequently,
because z,, — x,—1 — 0, it follows that x, — x,_1 — 0, as required.

(iv)&(v): Straightforward.

(vi): Fix w € Argminh and define (Vn € IN*) p, = h(x,) — h(w) = h(x,) —minh > 0and u, =
Tnzn — (T — 1)xy—1 — w. Due to (42) and the fact that {y, }nen+ C R4, Lemma 3.3(ii) entails that (Vn €
IN*) T2y pnr + (29) w1 1? < Tt (Tan — Dptn + (27) 7 Hlual> < wipn + (279) 7| ||*. Hence,

x : 1 _ 1 _
(v € N*) () —mink = juo < — (o + 20)  ualP) < 5 (B + 20) M ?), 120)

n n

which verifies the claim.

(vii): Let us adapt the notation of (vi). Since { ity }ren+ € R4, we derive from Lemma 3.3(ii) and (110)
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that

(Vn € N*) oy qptns1 + (27) Hnsa|? < Toga (Tagr — D + (27) 7 1|2 (122a)
= Topn + (27) unll® = (T2 — o1 + Tas1)pin (122b)
< o + (27)  Hual* = (1 = 6) Tusa pin. (122¢)

On the other hand, since § € ]0,1[ and {uu}nen+ € Ry, it follows that {(1 — 8)Ty+1pn tnen € Ry
Combining this, (122), and Lemma 2.3(ii), we infer that (1 —0) ¥, e+ Tut1in < +00. In turn, since
(Tw)nen- is increasing and 1 — 6 > 0, it follows that ), e+ Tupin < +00. Consequently, since (U )pen- 1S
decreasing due to (i) and since clearly } ,,cn+ T = +09, [1, Lemma 22] ensures that

1
ZZ:1 Tk

which establishes (111). In turn, we deduce from (110), (123), and (i) that

h(xp) —minh = p, = o< ) asn — +oo, (123)

n
0 < 124 (h(xys1) —minh) = (h(x,11) — minh) <T12 +) (T2q — Tkz)) (124a)
k=1
n
< (h(xp41) — minh) (le +6). TkH) (124b)
k=1
n+1
< (h(xp41) —minh) (1'12 —oT+6) Tk> (124c¢)
k=1
— 0asn — oo, (1244d)
which verifies (112). [ |
Remark 6.2 In Theorem 6.1, the assumption that 7, = +oco is actually not needed in items (i) and

(iv)—(vii). For clarity, let us sketch the proof of (i) under the assumption that 7, < +oco. Assume that
Too < +00. We infer from the first inequality in (115) that

(Vn e N)  Topaptngs + (29) " unra | < wopn + (29) 7 Huall* = (Tr% — T+ Tyy1) P (125)

and it follows from Lemma 2.3(ii) that Y, (72 — T2 1 T Tur1)fn < +00. One may argue similarly to
the case (b) in the proof of Theorem 5.3 to obtain lim y, = 0 or, equivalently, lim /(x,) = h(w), which
contradicts (113). Therefore inf,cn+ h(x,) = infh and we get h(x,) | infyen+ h(x,) = infh. Ttems (iv)
and (v) follow from this. In addition, note that we did not use the assumption that 7. = +0o0 in the
proof of (vi) and (vii). It is, however, worth pointing out that the conclusion of Theorem 6.1(vi) is not so
interesting when 7o, < +oc0.

7 Open problems

We conclude this paper with a few open problems.
P1 In Theorem 5.3, is it true that /i(x,) — infh?
P2 What can be said about the conclusions of Theorem 5.5(iii)&(vii)(b) if sup,, - (1/T) = +00?

P3 Suppose that Argminh # @. Do the sequences generated by Algorithm 5.1 and (108) always con-
verge weakly to a point in Argmin h?
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Appendices

Appendix A

For the sake of completeness, we provide the following proof of Lemma 2.1 based on [20, Problem 3.2.43].

Proof of Lemma 2.1. Because (Vn € N*) 1 — (1, —1)2/72,; > 1 —12/77,, due to the assumption that
{Tu}nen+ C [1, +00], it is sufficient to establish that

2
y < n ) = }oo. (126)

nelN* Tn+1

Indeed, since T,, — +oo, there exists N € IN* such that
(Vn > N) 12> 2717 (127)

Now, set (Vn € IN*) &, = n+1 — 12, and (Vn € N*) 0, :== Y}_; & Then, on the one hand, since

(Tu)nen- is increasing and positive, we have (Vn € N*) &, = 12, — 72 > 0, and (0 ) e is therefore an

increasing sequence in R ; moreover, due to (127), (Vn > N) 0, = Zkzl('r,? T =T, T T

1. On the other hand, because 1, — 400, we have 0, = 3 R T12 — +oc0. Altogether, since

4 Cutp — O,
(Vl’l > N)(Vp c ]N*) Z Cn+k Z Cn-i-k _ Untp no_ 1— On
k=1 In+k =3 Untp Tn-+p On-tp

(128)

by the fact that (0,),>n is increasing, we see that (Vn > N) lim,, Zle(gwrk /0n4x) = 1. It follows that
the partial sums of }_,~ (&, /0,) do not satisfy the Cauchy property. Hence, since (Vi > N) §,/0y >

0and 0y, = 72, ; — 7¢, we obtain
2
T
y, i §;§”: (129)

n>=N Tn+1 Tl n>N 7
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Consequently, in the light of (127),
2 2

2 22 —
2 (1_ ’gn ) _ Z Tn—i—lz Th > 2 2Tn+1 Tnz) = oo, (130)

2
n=N Tht1 n>N  Tuy1 n=N (Tn—s-l_Tl

and (126) follows. [ |

Appendix B

Proof of Lemma 2.2. Let us argue by contradiction. Towards this goal, assume that lim 8, € ]0, +o0] and
fix B € ]0,lim B,,[. Then, there exists N € IN* such that (Vn > N) B, > B, and hence, because {«a;, } nen+ C
R, we have (Vi > N) a,B, > Ba,. Consequently, since }_, N+ &y = +09, it follows that }_,,~ n anfn >
Y>N Ban = 400, which violates our assumption. To sum up, lim 8, = 0. [ |

Appendix C

The following self-contained proof of Lemma 2.3 follows [17, Lemma 3.1] in the case x = 1; however, we
do not require the error sequence (&, ),en+ to be positive.

Proof of Lemma 2.3. (i): Set « := lim, «a, € [inf,enay, +o0] and let (ak,)nen+ be a subsequence of
(an)nen+ that converges to a. We first show that « < +oo. Since {B,}nen+ C Ry, it follows from
(9) that (Vn € N*) ay41 —ay < €. Thus, (Vi > 2) ay = g + Yo (apy — o) < ag + Y41 &g
in particular, (Vn > 2) ap, < a3+ Zﬁ":_ll ex. Hence, since o, — « and ), N+ €, converges, it fol-
lows that &« < a1 + Y enéx < +oo, as claimed. In turn, to establish the convergence of (y)neN+,
it suffices to verify that lim, &, < lim, a,. Towards this goal, let § be in ]0,+oo[. Then, on the
one hand, Cauchy’s criterion ensures the existence of k,, € IN* such that a;, —a < 6/2 and that
(Vi = kny)(Vm € IN*) Y04 "e < 5/2. On the other hand, because {B}ren: C Ry, (9) implies
that (Vi > kuy, +1) an —ay, = ZZ;,}HO (api1 —ag) < ZZ;,}HO er. Altogether, (Vn > kyy +1) ay <
&, + ZZ;,}HO er < (a+6/2) +6/2 = a + 5, from which we deduce that lim,, a,, < & + 0. Consequently,

since J is arbitrarily chosen in ]0, +o0, it follows that lim, &, < a = lim, «,, and therefore, (a;),eN
converges to a.

(ii): We derive from (9) that (YN € IN*) YN B, < TN (4 —apy1) + X0 €0 = @1 —ang1 + Yo g €n
Hence, since ) ,,c v+ €x is convergent and, by (i), lim, a,, = «, letting N — +ocoyields ), cn Bn < a1 — a0 +

Yonen €n < +0o,and s0 ), cn+ B < 409, as required. [ |
Appendix D
Proof of Lemma 2.4. Indeed, since (Vn € IN*)
n n
Y k(g — agi1) = Y (ko — (k+1)agqq + 1) (131a)
k=1 k=1
n n n
=) (ke — (k+ Dagpr) + ) a1 = a1 — (n 4+ Dy + ) age, (131b)
k=1 k=1 k=1

we readily obtain the conclusion. n

24



Appendix E

Proof of Lemma 2.5. “=": Since («,)neN- is a decreasing sequence in R and ), 4 < 409, it follows
that na, — 0 (see, e.g., [20, Problem 3.2.35]). Invoking the assumption that ), .+ &, < 400 once more,
we infer from Lemma 2.4 that Y, .+ 71(ay — 41) < +00, as desired.

“«": A consequence of Lemma 2.4. n

Appendix F

Proof of Lemma 3.1. This is similar to the one found in [11, Lemma 2.3] and included for completeness;
see also [15, Lemma 3.1]. Fix (x,y) € H x H. On the one hand, by (A1) and (A3) in Assumption 1.1, Vf
is Lipschitz continuous with constant v~1, from which, the Descent Lemma (see, e.g., [8, Lemma 2.64]),
and the convexity of f we infer that

f(Ty) < f) +(VfW) | Ty —y) + (27) I Ty —y? (132a)
=fW)+ (VW) |x —y) + (VW) | Ty —2) + (29) M| Ty — yI (132b)
< f(x) (V) | Ty —x) + (29) [Ty —y* (132¢)
On the other hand, because Ty = Prox,q¢(y — YV f(y)), [8, Proposition 12.26] asserts that
8(Ty) <g(x) =y = 7Vf(y) - Ty|x — Ty) (133a)
<g()+ (7 y—Ty) - VI(y) | Ty — x). (133b)
Altogether, upon adding (132) and (133), it follows that
h(Ty) < h(x) +9~Hy — Ty | Ty — x) + (29) | Ty — y|? (134a)
=h(x)+9 Hy = Tyly—2) +9 v = Ty| Ty — y) + 27) "I Ty — vl (134b)
=h(x) +97y = Tyly —x) — 21) Ty —y|* (1340)
which yields (18). ]
Appendix G
Proof of (50). Recall that lim(7,/n) = 1/2. In turn, because (Vn € N*) 77 = T2, | — T,11, it follows that
n(o = Tun) _ MG -Tin) oG -1 Sl 9)
Tnt1 Tt (Tn + Tut1)  Topt(Tu+Tup1)  To, Tapr nH1 7+3
n+1 n
and therefore that
Y i RS A IO 1l TS D e o SN P S S} (136)
Tn+1 n Tn+1 Tpp1 n+1
Hence, (50) holds. |
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